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Abstract 
The estimation of the ratio of two means is studied within the neutrosophic theory framework. The variable of 


interest Y is measured in a sample of units and the auxiliary variable X is obtainable for all units using records or 
predictions. They are correlated and the sample is selected using simple random sampling. The indeterminacy of the 
auxiliary variable is considered and is modeled as a neutrosophic variable. The bias and variance of the proposed 


estimator are derived. 


Keywords Ratio of Means, Neutrosophic Variable, Bias, Mean Squared Errors, Taylor Series. 


1. Introduction 


Atanassov (1999), considered how the soft set theory constitutes a general mathematical tool for modeling 
uncertainty and impreciseness. This approach overcomes the need of parameterizing, as in the theories of 
probability, fuzzy sets and rough sets . The neutrosophic theory is based on a new set conceptualization. The roots of 
it may be found in Smarandache (2002, 2003). Neutrosophic set is a generalization of the so-called intuitionistic 
fuzzy sets. This theory is being used in different areas of knowledge. See recent examples as Ajay, (2020), Crespo 
Berti (2020) in modeling real life problems; Hatip ( 2020) and Saqlain et al. (2020) who developed extensions of it. 


Neutrosophic theory may be used for characterizing the indeterminacy of a variable. In real life problems the 
parameters of a population are unknown, and statistical inferential procedures usually replace them by an adequate 
estimation. Therefore, the unknowledge of the value of a parameter is overcome by determining approximate values 
of it. The statistician knows that the obtained values are imprecise. The inaccuracy is measured by using some 


formulas that provide a confidence level or an estimation error of the estimation. See recent discussions in ratio 


DOT: 10.5281/zenodo.4030309 
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estimation in Bouza and Alomari (2019), where solutions are derived by using auxiliary information for ranking the 


pre-selected units, and Subzar et al. (2019) who derived robust alternative ratio estimators. 


Neutrosophic theory provides a new framework for dealing with impreciseness. It is well known that using a 
Neutrosophic point of view statistical concepts and methods may expanded, see Smarandache (2013, 2014), 
Schweizer (2020), Cacuango et al. (2020). for example. This theory deals not with crisp values of the variables, but 


with set values. 


Neutrosophic statistical data analysis issues have been discussed in different papers, and alternative tools have been 
derived on the domain of neutrosophic sets. In general, Neutrosophic Statistics may be considered as an alternative 
to classical statistics. Decision makers may be concerned with applications where to deal with Neutrosophy in the 
sample is needed. See for example the papers of Hanafy, et al. (2012) who studied neutrosophic correlation in this 
context, Patro and Smarandache (2016) and Alhabib et al. (2018), who dealt with distributions. This paper is highly 
motivated by the contributions of Aslam (2018, 2019b), Aslam, et al (2020b), where sampling based tools for 
control charts neutrosophic random variables were developed as well as the applications of Neutrosophic statistical 


tools reported in Aslam (2019a) and Aslam et al. (2020a). 


A basic structure in neutrosophic theory is the set 


An = (8,7, (8), a(S), Fa EE € x (2) # (1.1) 
T,(€) = degree of membership (1.2) 
I,(€) = degree of indeterminacy, F,(€) = degree of non membership (1.3) 
v4(é)y — [0,1],u=T,1,F;vEe] ~0,1*[ (1.4) 


From a practical point of view the interval [0,1] is used due to the difficulties that arise from using] ~0,1[. 


For developing estimation methods in the context of this study neutrosophic numerical measures play a key role. 


The following results are particularly important. 


Take Vy € R,Z #0,Z # —W andholds that yZ + yWIz =y(Z+ WIz). Then 


l. Wy ER,Z#0,Z #—W holds that 4- = —_, 
Z+WIz = Z+W 


2. VZ+#0,Z #—W holds that —2— = (Z + WI,)“4, 





Z+Wlz 
3. VQ # Oholds that ae = a4 te 


q@ _0, w , 
+Wilz Z| Z(zZ+w) 4 





4. VZ+#0,Z #—W holds that > 
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See Smarandache (2013, 2014) for details. 


The statistical procedures, based on equations and formulas, may be generalized, by using the framework provided 
by neutrosophic theory. Substituting an estimate of a parameter @ by a set value, say Oy, the estimate determines a 
neighborhood of @ , which includes the point estimate 9. The impreciseness associated to the point estimator 6 is 


included in the neutrosophic representation of the estimate. 


An open-minded statistician will agree with this modeling. In real life, a sample is selected from the population but 
when the statistics are computed the situation has changed. That is, the true value of the variable is different from 
the value measured and used in the computations. Consider for example a study of the persons infected with Covid- 
19. The researcher selects a sample for developing PSR-tests and the degree of infection of the selected persons is 
measured, say Z. When the laboratory ends processing the collection of tests, the real value of Z in the patients may 
be very different. Hence, the decision making rule should consider that the value Z is imprecise. Determining a 
neighborhood of the computed estimate would be more realistic. Referring only to randomness, for modeling 
uncertainty, is myopic in many cases. Developing particular neutrosophic statistical methods should allow dealing 


with randomness and indeterminacy at the same time. 
Let us provide a theoretical frame for sampling. Take a finite population of items 
U = {u,,..., Uy} (1.5) 
A random sample is selected from U using a sample design d. The probabilistic model is characterized by 


{U, d}, The sample space S is an adequate algebra. The sampler fixes to use as sampling design a certain probability 


measure 

d(s) = probability of observing a subset s GU, Yise5d(s) = 1 (1.6) 
Taking Y as the variable of interest and u; as an item of U the evaluation is represented by Y(ui))=Yi . A random 
sample s of size m is selected by using the sample design d. If u; € s then ,Yi is a random variable. In classical 
statistics Y is evaluated in the units selected and an estimate (a statistic) is computed. The unknown parameter @ is 
estimated using an estimator 


6 = O(Y(s)), Y(s) = (%,.. YmlVi = 1,...,m; uy, Es } (1.7) 


The behavior of a statistic is evaluated considering how it behaves in the long run. That is, how is its performance 


when analyzing a long sequence of samples s,,..,S5p,P > ©, 
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Considering neutrosophic statistics an extension of the classical statistics may be developed using the similar 
principles. When the statistician considers that the data is known only approximately , he/she would not be confident 
in the inferences generated using crisp numbers. For example if a question is sensitive the respondent will tend to 
falsify the true value of Y, if carrying the stigma. Then the data is expected to be indeterminate. This situation is 


present in different neutrosophic studies as in the problems analyzed in Cacuango et al. (2020). 


Neutrosophic statistics framework admits that the information provided by the data is not crisp, but ambiguous, 
vague, imprecise and/or incomplete. When the indeterminacy is zero the analysis made using a neutrosophic point of 
view would coincide with the results derived by classical statistics. The practitioner, using neutrosophic statistical 
methods, would interpret and organize the data taking into account the existence of these indeterminacies for 


obtaining some clues on the underlying patterns. 


Some basic ideas on the estimation within a neutrosophic theory framework are developed in the next section. 
Section 3 is concerned with the development of some aspects of estimation theory in a Neutrosophic context. 


Section 4 develops a theory on ratio estimation. Numerical experiments are discussed in the Section 5. 


2. Estimation in a Neutrosophic context 


The proposals of Smarandache (2014 , 2016) discussed how common statistic equations and formulas, due to the 
data indeterminacy of some of the involved variables, may be better replaced by considering that they take values in 
a fixed set. The usual notation is to replace the variable crisp Z by its neutrosophic counterpart Zy. N identifies that 
the variable is “neutrosophic”. The impreciseness on the true value of Z is modeled by considering not a value but a 
set including it. In the applications of statistics the decision makers frequently deal with imprecise data. A 
convenient model seems to be considering Zjy = Z; + Ajlz instead of Z; The statistician measures Z; but has the 
feeling that it is imprecise. It is subject to a basic error, which belongs to an interval Iz, and is “tuned” by A; for each 
“7. For example, a promoter obtains in the web a value of the index of achievement of a singer, say Z; , but doubts 
that it is correct, as changes in the public preferences are constant. Hence, the change in the singers indexes moves 
in Iz =(-2,5 2,5) but for a particular singer the decision maker considers that it may be 3,5 times larger. Then, is 
recorded Z;+3,5Iz. Note that now the decision maker is able to implement decision rules where impreciseness is 


modeled. 


Consider a sample of size m, the observations determine the sequence {(Z; + AjIz),i=1,..m} . From 


Smarandache (2014 , 2016), is easily deduced that the sample mean is 

= = 7 1 

Zn(m) =Zy +Anl, = a Qim4 Zit Det Ajlz) (2.1) 
The deviation of each observation is 
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Dycm)i = (Z; + Ajlz) — (Zari + Amlz) (2.2) 
and its square is given by 


= - 2 
Divamyi = [Dwomi = (Zi + Ailz) — Zm + Amz) | (2.3) 
Therefore, the sample variance is 


Soren) = fea (Zi — 2m)? + —DEal2(Z; — Zn) (Ai — Am) — C4: — Am)? Uz (2.4) 


Zu(m) ~ m “i=1 
because (Z; . Lei + Ajlz ~ Artz)? ae (Z; ~~ Lia) + [2(Z; _ Zm)(Ai — Am) at: (A; = Am)? Mz 


(2.1) and (2.4) estimate the neutrosophic parameters 
= = 7 1 
Zy = 2Zy + Al, = | Ovi: Z+2%i Ailz) (2.5) 


1 5 1 5 7 7 
Obyy = = Wiha (Zi — Zu)? + =D [22 — Zu) (Ai — A) — (Ai - A)? Uz (2.6) 


The interest of the decision maker is concerned with estimating a ratio of two variables. One of them is measured 
and the other is obtained from records. For example, we may develop an inquiry and obtain an achievement index 
for singers of the disk company. The records obtained in the web provide information on the downloads of a song 
but they are considered imprecise. Then the decision maker has a crisp variable, obtained in the inquiry, and a 


neutrosophic one obtained from the web. 


In the sequel the sample design considered is Simple Random Sample With Replacement (SRSWR). The paper is 
concerned with the estimation of the ratio of a crisp variable and a neutrosophic one. The approximated bias and 


variance of the proposal are derived in the next section. 
3. Some considerations on sampling 


The importance of sampling experiments in different fields of applied sciences is one of the most important 
achievements of statistical inferences. The model considers the existence of a finite population U= {uy, ..., uy}. The 
units are well identifiable. The researcher is interested in estimating a function of a variable Y. It is well defined for 
each individual of the finite population U. It is useful assuming that the experimenter have the knowledge of an 
auxiliary variable X for any individual of U {X(u;) = X;,i = 1,...,M} but Y is unknown. The sampler may use the 
known values of X in the inference process. Under some mild conditions we may develop models, which yield 
more accurate results including the information provided by X. It is common that we should deal with 
indeterminacies in the values of X and is needed to determine how the model is affected. Hence, as the recorded 


values of X are imprecise an alternative is to use the neutrosophic number X+AIx . 
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The sample experiments are described as usual. For the population U there is a sample space S. The sampler selects 
a sample design d(s). It assigns a probability to each element of the sample space and allows determining the 


probability of selecting a certain unit of U by computing 
P(ui) = Xs € Sli € sy 4(S) (3.1) 


The variable of interest Y is measured in each selected unit, it is a random variable y; that provides a result Y(uj). 
The sampler looks in the collection of recorded values of X, X,,...,X)y and obtains the corresponding random value 


xj. Due to the existence of some indeterminacy is considered that it is the neutrosophic random variable 
Xi t+ Ix ply, = Ail - (3.2) 


Then, in the study should be considered the existence of indeterminacy in the records and acknowledging this fact to 
work within a neutrosophic framework. Hence, taking an individual u; of the population u; (¥;, X, +1 xr k= 
A,I is obtainable from it. As the unit is selected with probability P(u;) the gathered information is random. Using the 
sample design d the expectation of the result of the random experiment may be determined. Performing simple 


operations with neutrosophic numbers for an observation it is 


Ea (vir%i + Ie) = Lien, X) + Aple ) PCy) = (SIL. Y P(u), jer X; P(uy) + (ZH, 4) P(w)) Ix) = 


(Hay, Hix + Hralx ). (3.2) 
In the rest of the paper, without losing in generality, is considered that Aj=A for any j=1,...,M. 


The sampling design to be considered in this paper is Simple Random Sampling (SRS) Without replacement. It is 
defined, see Singh (2003), as 
1, 
as s|| =m 
d(s) = {@ ae 3.3) 


0 otherwise 


In that case 


m 


vi =1,...,M,P(u) == 


(3.4) 
This result also holds if the selection is made with replacement. When M is sufficiently large the difference between 
selecting with or without replacement is negligible, in terms of the inferential processes, when 

M-m 


=e (3.5) 
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A SRS sample is selected and are observed the realizations {y;,x; + Aily , Vi=1,...,m}. Under SRS P(u;) is 


constant and using (3.2) the expectation is 


Ealyinxi t1x,) = (%, + Aly), Z = — YM ZZ = ¥,X (3.6) 
because, for this design 
Ing = Z= Sa Zi Z=XYA (3.7) 
Using (2.6) is easily derived that the variance of x; + I,,is given by 
1y™” ES 1 Mt = = 3 
Va(%i + In) = by = ppD,,_ Hid? +57), (20% — Bu) (Ai ~ An) — (Ai ~ nd)" = 


= of + Ty aly (3.8) 


Y is a crisp variable and its variance is 


Vali) = of, = DM — Fu)? (3.9) 


4. A ratio estimator 


Frequently statistical research must deal with the estimation of a ratio or use it for deriving an estimator of 


the mean or the total of a variable of interest Y. A concomitant, or auxiliary, variable X, correlated with Y, is 
known. The population ratio of them is R = aa Consider that a SRS sample is drawn from the population. A 
pose 


naive estimator is R= 
x 


, where y and X are the sample means of Y and X. The auxiliary variable is 


obtained, commonly, from records or predictions, which usually are outdated and/or subject to 
impreciseness. The impreciseness may be modeled adequately in the context of Neutrosophic Theory. 
Consider the neutrosophic number +Al,, 1, € (a,b) . The sampler may model the imprecise knowledge on X by 
determining that for every individual of the population a measurement error interval. For example, if the decision 


maker considers that the percent of tax under-report is between 0% and 20%, is fixing that Iy € (0,0,2X). 


The variable Y is measured by direct interviewing the individuals of the population. It is a non-neutrosophic 
number. In the previous example, R may be 
e The rate of the mean of the preferences of the public for a song with respect to the monthly mean of 
downloads. 
e —_ The rate of the reported taxes with respect to the previous occasion payments. 
e The ratio of the fuel consumption reports of a transport enterprise in two consecutive months. 


e The ratio of monthly incomes of employees versus the use of their credit card. 
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The classical sampling theory assumes the non-existence of impreciseness in X. The sampler, being uncertain on the 
preciseness of the values of X, fixes (%9, x,) and works with the neutrosophic value Xy = X; + Ajlx,; ly, € 
(Xo, X,),i = 1,...,M. Take the crisp ratio of the means of two variables Y and X 


1 
viey Yi 
— NeiEUTE _ 
Saal ae a 


NruieuXi 


<1 


(4.1) 


X is known but is expected that it may change when the data is processed for computing. As the values of X come 
from imprecise recorded data, the decision maker fixes a conservative rule using Q = Y,Z = X,W = X. In the 


context of neutrosophic R is denoted as 





Be te GOW, St 2s ee aa 
= awn r tweet HP.Z=X,W=0, 1, € [0,1]. (4.2) 


The alternative neutrosophic population ratio is 


4 Yy ¥ 
Ry = =;+ waplk =R+R*lxz (4.3) 





The operator ae = R* is used for modeling the indetermination present in the unknowledge of the true value of X. 


Values of Iz close to zero model the decision maker's confidence that X is the true expectation of X. In many 


occasions is adequate using 
1 
lg= poi Ty, = Tx, Ty © (Xo, %1). (4.4) 
The decision maker usually fixes xo=0. 


Once a sample is selected the sample mean of Xn is computed 


1 


XN = x + Amlx; x = 7 mist xj (4.5) 
as well as 

_ 1 

¥= din: (4.6) 


The need of estimating a ratio of two variables in this context suggests using A,, = xX. Then, the neutrosophic 


estimator is 
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Ry=—= 2+ BEEN =rt+r'ly (4.7) 


X24% 


3 i 


Take the first term and analyze 


r—-R= (4.8) 


RI Js 
>i 1 <I 


Consider that Az= 2 = X,Y. As |Ag< 1| with lim,_,.. AE = © is valid developing A;zin the Taylor Series 


r=R(1+A,)(1+A,) 71 = R[1 + A, — Ay + AZ — AJA; + O(AZ)] 


2 
The expected values of the summands are Ey(Az) = 0,z = x, y Eqg(A2) = or Eq(AyAz) = “= and is derived that 


2 
EG =R)-= == (4.9) 


For the second term 


(r* = RVI = (Ay + Abe — AyAae + O(Maz)) Ix (4.10) 
where 


Ae (x7 +x)-(X2+X) 
Dx K24X 


(4.11) 


The approximation is valid assuming that Ap; 0 for a sufficiently large sample size. The first term of the expected 


value is Ey(A;) = 0. Note that 





_ ((%?-X?)+(#-X) 2 
dbe= (“Sa ) (4.12) 
Its design expectation is 
1 5 > z oe 
Ea(Qbe) = Gags | (Hea — X*) + (ues — X9) +E (1 — 28? + ¥))| (4.13) 
On the other hand 
_ (9-V\ ( (2 +x)-(K7 +X) 
As Aps= ( Y )( X24¥ ) Ge) 
and 
1 (1 1 s 
Eq (Ay Max)  =(2) (S45) (moy,2 + ox — Pf) (4.15) 


Hence we may state that 
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(ce — £) + (gs — X2) +B (1 — 208? + 2))] + 4(2) (gts) (oy + 








Bias (Ry) = - <2] + 


a mxXY Fah 


Oy, Fo’) i (4.16) 


Then, we have proved the following result. 


Proposition 1. The expectation of the estimator Ry = z = 2 +3 ae YI = =r+tr'ly of the neutrosophic ratio Ry = 
N 
s+ agi x = R + R*l1x, when the sample is selected using simple random sampling, is approximately 





Ea(Rw) = Ry + [Z 7 a * Tar [e- X*) + (Hes —X°) + me 2(X* + X))|+ ~(5) (sy) (522 s 


mXY 


O52 ~ re?) Ixy; Mge = Eq (X°), (4.17) 


when the sample size is sufficiently large for accepting that both A;2 and A, are approximately equal to zero for a 


large sample size m. 


For deriving the Mean Squared Error (MSE) consider 





5 5 7 e 2 
(Ry - Rw) =(24+ Sole -F-agle) = (RF ry Ryly)? = (F-RY? $ LyRyl)? + 


24% X  x24+x 


2((r — R)@*Ix—Rylx)) (4.18) 


Developing the first term in taylor series is obtained 





(r-R)? = As + Az. — 2Ay Ay (4.19) 
Hence 

oe of oO 
Ear —R)? = er + 2 —2 a (4.20) 


The second term is 
(r* — R*)P ly = (8 + ABe — 2ApyAaz + O(Apz)) x (4.21) 


and its expectation is given by 


Ei(G@*— RY) = | + [Wes X*) + (ugg — ¥3) 4-H “(1 — 2(K? + %)| ays +(z =) (5) (o532 + 


my2 Faw 


= x — Yo?)| Ix (4.22) 
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Developing the third term is obtained 


((r — R)(r*ly—Ryly)) = (Ay — Ay + AZ — AgAz) (Ay + ARz — AngApz Ix = (AZ - AyAg )Ix (4.23) 


because only the terms of order t<2 in the Taylor Series are considered as significant. Therefore 





Eq((r — R)(r*Ix—Rily)) © (25 — 2) J, (4.24) 


my2 mY xX 
These results are used for proving the following proposition 


Proposition 2. Under the set of hypothesis of proposition 1 the approximate MSE of 











D = Ie y ad * 
Rees te eat ee (4.25) 
is 
2 2 
5 Oy Ox Oyx 
MSE(Ry) = + —2 
(Rn) |: mX2 “mY X | 
207 1 = 2 of sey 
a ree bs ey — X92) + (1 -2(X727 4+ ¥ 
+ et ee |e ) + (Uzs — X°) + —-(1 — 2(X? + X)) 





ial 1 x Ovy 
2 
— 25) (gage) (eset + oom — Fo8) Seg || 
= Mco+Mn (4.26) 


Note that, if Jy = 0 the classical sampling results on ratio estimators are obtained. 
5. Numerical studies 


Only one of the multiple theoretical challenges of developing neutrosophic counterparts of sampling models is 
considered in this paper. The estimation of a ratio when the auxiliary variable is neutrosophic poses a set of 


theoretical problems to be solved for other classes of ratio estimators. 


With the aims of illustrating the behavior of proposal, data obtained from four real life problems are analyzed 


numerically. They are: 


P1. 230 persons with ages in the interval 15-35 were questioned on the preferences for 5 songs. The reports (Y) 
were measured in a scale 1-10. The mean of the daily downloads of the songs in the last 30 days was the auxiliary 


variable X. The manager of a record company is the decision maker. 
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P2. The farmers tax-report was the variable of interest Y and X was the last month tax-payment. The population 
size was 450. The consensus of the specialists of the state office performed the role of the decision maker. 

P3. The fuel consumption report of a fleet of 76 vehicles in two consecutive months was measured. Y was the 
consumption in the actual month and X the report in the previous month. The owner of the enterprise acted as 
decision maker. 

P4. The monthly incomes of 117 employees of an enterprise was Y and X was the total amount of operations with 


their credit cards. The owner of the enterprise acted as decision maker. 


The researchers had a complete knowledge of Y and X. Hence was possible to compute the values of the involved 
parameters. Ry was obtained from the sample results and compared with the true value of Rx . B random samples 
of size m were selected from each population and the accuracy of the estimates was measured computing 

Apj = soealr = Riz + <2 |r* —R*|sly,= cj + Oyj jf =1,...4 (5.1) 

Using the population information was computed (4.26) for each population 

MSE(Ry) = Mcj + Myj = MSE;;j = 1,...,4 (5.2) 

See the results of the study in Table 1. 


Table 1. Results of the Monte Carlo experiments 















































Population | m B Aj an; ap; Mc Myj MSE; 

1 25 | 1000 | 0,324 | 0,072-0,250 | 0,396-0,774 | 1,561 | 6,331-7,117 | 7.892-8,678 

2 50 | 1500 | 1,920 | 0,400-0.652 | 2,320-2,552 | 5,452 | 0,851-1,807 | 6,303-7,259 

3 15 | 2600 | 2,690 | 0,841-1,741 | 3,531-4,431 | 8,785 | 6,263-11,549 | 15,048-20,334 
4 25 | 2000 | 1,130 | 0,757-0,965 | 1,887-2,095 | 1,873 | 6,022- 7.625 | 7,895-8,498 





A lecture of the lines of the previous table suggests that the samples averaged an absolute difference between the 
estimate and the true value, which take values in the corresponding fifth column. The MSE of the methods appears 
in the eighth column. The decision makers fixed the corresponding Ix. They considered that was obtained a good 


description of the impreciseness of the estimates rules by their appreciations. 
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Abstract 


Multiple criteria decision making is one of the many areas where neutrosophic sets have been successfully applied 
to solve various problems so far. Compared to a fuzzy set, and similar sets, neutrosophic sets use more 
membership functions which makes them suitable for using complex evaluation criteria in multiple criteria 
decision making. On the other hand, the application of three membership functions makes evaluation somewhat 
more complex compared to evaluation using fuzzy sets. The reliability of the data used to solve a problem can have 
an impact on the selection of the appropriate solution/alternative. Therefore, this paper discusses an approach that 
can be used to assess the reliability of information collected by surveying respondents. The usability of the 
proposed approach is demonstrated in the numerical illustration of the supplier selection. 


Keywords: neutrosophy, reliability, single-valued neutrosophic numbers, decision-making. 
1. Introduction 


Multiple criteria decision making (MCDM) started to emerge about 50 years ago, and until now it is used for 
solving a number of different decision-making problems in different fields. MCDM can be defined as making 
choices in the presence of multiple conflicting criteria [1-3]. Solving complex decision-making problems is usually 
associated with the need to use a larger number of criteria or use of more complex criteria that are later decomposed 
into sub-criteria [4-5]. However, an increase in the number of criteria, as well as sub-criteria, can be less desirable 
in cases where data should be collected by the survey [6]. 

Significant progress in using the MCDM methods for solving complex decision-making problems was made 
after Zadeh [7] proposed fuzzy sets, on which basis Bellman and Zadeh [8] proposed fuzzy MCDM [9-10]. Since 
then, many extensions of fuzzy sets theory have been developed, such as: interval-valued fuzzy sets [11], 
intuitionistic fuzzy sets [12] and bipolar fuzzy sets [13] . In 1999, Smarandache [14] introduced the concept of 
neutrosophic sets, as a generalization of the fuzzy sets theory and their extensions. 
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So far, neutrosophic sets are successfully used in the area of multi-criteria decision-making. Many extensions 
of the MCDM methods are proposed based on the use of neutrosophic numbers, such as: neutrosophic AHP [15]; 
neutrosophic TOPSIS [1]; neutrosophic MULTIMOORA [16]; neutrosophic WASPAS [17]; neutrosophic 
PROMETHEE [18]; neutrosophic VIKOR [19]; neutrosophic ARAS [20]; neutrosophic GRA [21]; neutrosophic 
EDAS [22], and so forth. Besides, it is worth mentioning newly-developed approaches, such as: the importance of 
neutrosophic soft matrices in decision-making [23], interval-valued neutrosophic soft sets in decision-making [24], 
as well as ivnpiv-neutrosophic soft sets for decision-making [25]. In general, neutrosophy so far is used in solving a 
number of decision-making problems [26-32]. 

Fuzzy sets theory introduces partial membership to a set, expressed by membership function /4, where 
membership function can have different forms, such as: bell-shaped, triangular, trapezoidal and singleton. Some 
other extensions of fuzzy sets theory introduced other membership functions such as: a non-membership 


o aus a 4 + . . e + . 
function), a positive membership function //(, and a negative membership function V/,) . Neutrosophic sets theory 


introduces three membership functions that can be used to describe belonging to a set, that is; truth membership, 
indeterminacy membership, falsity membership. That is why neutrosophic sets could be more suitable for evaluating 
complex phenomena, events and problems. 

However, the use of three membership functions can make evaluation somewhat more complex compared to 
evaluation using fuzzy sets. Therefore Smarandache et al. [33] proposed an approach that can be used to assess the 
reliability of information collected by surveying respondents. This approach is reviewed again in this article, and a 
new approach for determining the reliability of information contained in single valued neutrosophic numbers is also 
presented. 

Therefore, the remainder of the article is organized as follows: in Section 2 basic elements of neutrosophic sets 
and single-valued neutrosophic numbers are considered. In Section 3 approaches for ranking single valued 
neutrosophic numbers are considered, and in Section 4 a numerical illustration is given in order to demonstrate the 
proposed approach. Finally, conclusions are given. 


2. Basic Elements of Neutrosophic Sets and Single Valued Neutrosophic Numbers 


Definition 1. Let X be a nonempty set, with a generic element in X denoted by x. Then, the Neutrosophic Set 
(NS) A in X is as follows [14]: 


A={(sTy(o.t4(0).Fx00) xe x}, (1) 





with: T,:X >] 01°[; 14: X S01 [; Fy: X SY O01 and “0S Ty (x) + 14 (x) + Fy(x) $ 3° 

where: T,(x), J4(x) and F,4(x) are the truth-membership function, the indeterminacy-membership function and 
the falsity-membership function, respectively. 

Definition 2. Let X be a nonempty set. The Single Valued Neutrosophic Set (SVNS) A in X is as follows [14, 
34): 


A= {¢« T, (x), I 4(x), F,(x)) 





xe x}, (2) 


with: Ty:X [01]; 14: X > [01]; Fy: X 2 [0,t]and9 $24) + 4a@)+ FaQ) $3 


Definition 3. For an SVNS A in X, the triple< t,,i,, f4 >is called the Single Valued Neutrosophic Number 
(SVNN) [14, 34]. 
Definition 4. Let X, =<t,,i,, f, > be a collection of SVNNs and x=<t,,i,, f, > a SVNN; then the Hamming 


ieee ted 


distance h,,, between x and the ideal point x* =< 7*,i*, f* >=< max?;, mini,,min f; >is as follows: 
i i i 
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1 ee 
(eee } (3) 


Definition 5. Let A; =<t;,i;,f; > be a collection of SVNNs and W = (W1,W2,..W,)) be an associated 


weighting vector. Then the Single Valued Neutrosophic Weighted Average (SVNWA) operator of A; is as follows 
[35]: 


SVNWA(A,, Ay,..., A,) = Si wjA; = f-Ta-1o" I] Gi)” J” ; (4) 
j=l j=l j=l 


j=l 


where: w; is the element j of the weighting vector, wie [0,1] and pa W-= 1. 


3. Determining the Reliability of the Information Contained in Single Valued Neutrosophic Numbers 


Smarandache et al. [33] proposed an approach for accessing the reliability of the information 7, contained in a 
SVNN, as follows: 
t — 


f 
iy, = —, 5 
On 14 (5) 


where: ¢, i, f denote the truth, the intermediacy and the falsity of information contained in SVNN x =<t,i, f >, 
re [-L]]. 


Example: Assume that x =<0.9, 0.1, 0.3> is a SVNN. Then, the reliability of x is Ky = —— = 0.55 
+0. 

In this approach, it is proposed to calculate reliability as follows: 

de fl t+it f #0 

Noy =) t+it f , (6) 
0 t+i+ f=0 
where: re [0,l]. 
: es : |0.9-0.3| 
Example: Assume that x =<0.9, 0.1, 0.3> is aSVNN. Then, the reliability of x is hw =~ = 0. 
0.9+0.1+0.3 


One comparison of the reliability calculated using Eq. (5) and Eq. (6) for some characteristic values of t, i and f 
is shown in Table 1. 


Table 1. The reliability calculated using Eq. (5) and Eq. (6) 
t i f Egq.(5) Eq.(6) 








1 0 0 1 1 
0 0 1 -1 1 
1 0 1 0 0 
1 1 0 0.5 0.5 
0 1 1 -05 0.5 
1 1 1 0 0 
0 0 0 0 0 





It can be seen from Table 1, Eq. (5) provides values from the interval [-1, 1], with a value of zero being the 
least desirable. Equation (6) provides values from the interval [0, 1] where a higher value of the reliability function 
is more desirable. 
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4. A Numerical illustration 


In order to briefly demonstrate the usability of the SVNNs for solving MCDM problems, an example of 
supplier selection is presented in this section. Assume that one company has to consider engaging with a new 
supplier. Therefore, a team of three experts if formed with the aim to select the most appropriate supplier from three 
alternatives, denoted as A; — A3, on the basis on the following criteria: 


C, — Delivery, 

Cz — Quality, 

C3 — Flexibility, 
C4 — Service, and 


Cs; — Price. 


The ratings obtained from three experts are shown in Tables | to 3. 


The reliability of ratings obtained using Eq. (5) and Eq. (6) are shown in Tables 


Table 2. The ratings obtained from the first of three experts 





Ci 


o) 


C3 


Cs 


Cs 





Ad 
A3 
Ag 


<0.9, 0.10, 0.30> 
<0.8, 0.00, 0.00> 
<0.7, 0.00, 0.00> 
<0.8, 0.10, 0.10> 


<0.7, 0.2, 0.3> 
<0.8, 0.0, 0.1> 
<0.5, 0.0, 0.0> 
<0.6, 0.0, 0.0> 


<0.6, 0.0, 0.0> 
<0.8, 0.0, 0.0> 
<0.6, 0.0, 0.0> 
<0.7, 0.0, 0.3> 


<0.7, 0.0, 0.0> 
<0.8, 0.0, 0.0> 
<0.6, 0.0, 0.0> 
<0.5, 0.2, 0.2> 


<0.5, 0.0, 0.1> 
<0.8, 0.0, 0.0> 
<0.7, 0.2, 0.0> 
<0.5, 0.0, 0.0> 





Table 3 


. The ratings obtained from the second of three experts 





C 


C, 


C; 


Cs 


Cs 





Ad 
A3 
Ag 


<0.6, 0.00, 0.10> 
<0.8, 0.00, 0.30> 
<0.7, 0.00, 0.30> 
<0.6, 0.00, 0.20> 


<0.7, 0.0, 0.1> 
<0.6, 0.0, 0.1> 
<0.8, 0.0, 0.0> 
<0.7, 0.1, 0.2> 


<0.6, 0.0, 0.0> 
<0.7, 0.0, 0.0> 
<0.7, 0.0, 0.0> 
<0.7, 0.0, 0.0> 


<0.5, 0.0, 0.0> 
<0.8, 0.0, 0.2> 
<0.6, 0.0, 0.4> 
<0.6, 0.0, 0.4> 


<0.2, 0.0, 0.9> 
<0.1, 0.0, 0.8> 
<0.3, 0.0, 0.2> 
<0.5, 0.0, 0.1> 





Table 4. 


The ratings obtained from the third of three experts 





C 


Cy 


C3 


C, 


Cs 





<0.8, 0.20, 0.20> 
<0.6, 0.10, 0.10> 
<0.6, 0.00, 0.00> 
<0.7, 0.00, 0.00> 


<0.6, 0.0, 0.4> 
<0.6, 0.2, 0.4> 
<0.7, 0.0, 0.3> 
<0.8, 0.0, 0.2> 


<0.5, 0.0, 0.0> 
<0.8, 0.1, 0.0> 
<0.6, 0.1, 0.0> 
<0.7, 0.0, 0.0> 


<0.6, 0.0, 0.1> 
<0.5, 0.0, 0.1> 
<0.6, 0.0, 0.0> 
<0.6, 0.0, 0.1> 


<0.8, 0.0, 0.4> 
<0.7, 0.0, 0.0> 
<0.5, 0.1, 0.3> 
<0.6, 0.0, 0.0> 





reliability of all ratings are also shown in Tables 5 and 6. 


Table 5. The reliability of ratings obtained from the first expert using Eq. (5) 





C 


C, C; Cy 


Cs 





A; 0.55 
A, 0.80 
A; 0.70 
A, 0.64 


0.33 
0.70 
0.50 
0.60 


0.60 0.70 
0.80 0.80 
0.60 0.60 
0.40 0.25 


0.40 
0.80 
0.58 
0.50 





Avg 


0.59 





Table 6. The reliability of ratings obtained from the first expert using Eq. (6) 





Ci 


CQ, C3 C4 


Cs 





A, 0.46 
Ay 1.00 
A, 1.00 
Ay 0.70 


0.33 
0.78 
1.00 
1.00 


1.00 1.00 
1.00 1.00 
1.00 1.00 
0.40 0.33 


0.67 
1.00 
0.78 
1.00 





Avg 


0.82 
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The average reliability of responses obtained from all three decision makers, calculated using Eq. (6), are 
accounted for in Table 7. 


Table 7. The average reliability of ratings obtained from all experts using Eq. (6) 


Reliability 
E, 0.82 
E, 0.65 
E; 0.69 


As can be seen from Table 7, all three experts provide relatively consistent responses, and therefore their 
ratings can be used for further evaluation of alternatives. In contrast, if the average reliability of ratings obtained 
from a respondent has low value, his or her responses must be rejected from further evaluation of the alternatives or 
his or her responses must be re-considered again until adequate reliability is achieved. 

A possible scenario of the evaluation of alternatives is discussed below. A group decision matrix, shown in 


111 


Table 8, is constructed using Eq. (4) and the following weights w, -(4.44) . The overall ratings are calculated 


J 
using Eq. (4) and the following weighting wector w; = (0.19,0.22,0.19,0.18,0.22), as it is shown in Table 9. The 
ideal point is also shown in Table 9. 


Table 8. The group decision matrix 











C; Cy C3 Cy Cs 
Wi 0.19 0.22 0.19 0.18 0.22 
A; <0.80,0.1,0.20> <0.67,0.1,0.28> <0.57,0.0,0.00> <0.61,0.0,0.03> <0.57, 0.0, 0.62> 
A, <0.75,0.0,0.14> <0.68,0.1,0.21> <0.77,0.0,0.00> <0.73,0.0,0.10> <0.62, 0.0, 0.41> 
A; <0.67,0.0,0.11> <0.69,0.0,0.11> <0.64,0.0,0.00> <0.60,0.0,0.16> <0.53, 0.1, 0.18> 
Ag <0.71, 0.0,0.10> <0.71, 0.0,0.14> <0.70,0.0,0.11> <0.57,0.1,0.24> <0.54, 0.0, 0.03> 





Table 9. The overall ratings and ideal point 
Overall ratings 
A; <0.65, 0.00, 0.00> 
<0.71, 0.00, 0.00> 
A3 <0.63, 0.00, 0.00> 
<0.65, 0.00, 0.10> 
<0.71, 0.00, 0.00> 














Finally, the ranking results, obtained using Eq. (3), are encountered for in Table 10. 


Table 10. The ranking results 








hw Rank 
A; 0.0063 2 
A, 0.0000 1 
A; 0.0092 3 
A, 0.0179 4 





As can be seen from Table 10, the most appropriate alternative is alternative denoted as Ap. 


5. Conclusion 


Neutrosophic sets theory introduces three membership functions that is why single-valued neutrosophic 
numbers could be suitable for evaluating alternatives in relation to the complex evaluation criteria in multiple 
criteria decision making. However, the use of three membership functions can make evaluation somewhat complex 
especially when the evaluation is based on data collected by the survey. 
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The reliability of the data used to solve a problem can have an impact on the final selection of the appropriate 
alternative. In this manuscript, an improved procedure for estimating the reliability of the collected data is proposed. 

Therefore, Smarandache et al. [33] has proposed an approach that can be used to assess the reliability of 
information collected by surveying respondents. 

Compared to the previous approach, in the new approach reliability and information belong to the interval [0, 
1], unlike the previously proposed approach where reliability belongs to the interval [-1, 1], which makes new 
application easier for using. 

By using the proposed procedure, the reliability of data could be easily determined. In this paper, the usability 
and efficiency of the proposed approach is successfully demonstrated on an illustrative example of the supplier 
selection. 
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Abstract 


In this article, using the concepts of cubic set and plithogenic set, the ideas of plithogenic fuzzy cubic set, 
plithogenic intuitionistic fuzzy cubic set, Plithogenic neutrosophic cubic set are introduced and its corresponding 
internal and external cubic sets are discussed with examples. Primary properties of the Plithogenic neutrosophic 
cubic sets were also discussed.This concept is extremely suitable for addressing problems involving multiple 
attribute decision making as this plithogenic neutrosophic set are described by four or more value of attributes and 
the accuracy of the result is also so precise. 


Keywords: Fuzzy set, Intuitionistic fuzzy set, Neutrosophic set, Cubic set, Plithogenic set, Plithogenic fuzzy cubic 
set, Plithogenic Intuitionistic fuzzy cubic set, Plithogenic neutrosophic cubic set. 


1. Introduction 


Zadeh implemented Fuzzy Sets[18].In [18] Zadeh gave the perception of a fuzzy set by an interval- 
valued fuzzy set , i.e. a fuzzy set with an intervalvalued belonging function. In conventional fuzzy concepts,numbers 
from the interval [ 0,1] are used to reflect, e.g., the degree of conviction of the expert in various statements. It is 
always tough for an expert to precisely enumerate their certainty; thus, rather than a particular value, it is more 
fitting to reflect this certainty degree by an interval or even by a fuzzy set. We obtain an interval valued fuzzy sets 
which were frequently used in real-life scenario. 


Atanassov[2] introduced intuitionistic fuzzy sets(IFS), which is the generalisation of the fuzzy set. In 
IFS,each element is attached to both belonging and non-belonging grade with the constraint that the sum of these 
two grades is less than or equal to unity. If available knowledge is not sufficient to identify the inaccuracy of 
traditional fuzzy sets, IFS architecture can be viewed as an alternative / appropriate solution. Later on IFS were 
expanded to interval-valued IFS. 


Smarandache [9, 10, 11] proposed Neutrosophic sets (NSs), a generalisation of FS and IFS, which is highly 
helpful for dealing with inadequate, uncertain, and varying data that exists in the real life. NSs are characterised by 
functions of truth (T), indeterminacy (I) and falsity (F) belonging functions. This concept is very essential in several 
areas of application since indeterminacy is clearly enumerated and the truth, indeterminacy, and falsity membership 
functions are independent. 
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.Wang, Smarandache, Zhang and Sunderraman[17] proposed the definition of the interval valued 
neutrosophic set (INS) as an extension of the neutrosophic set.The INS could reflect indeterminate, inaccurate, 
inadequate and unreliable data that occurs in the reality. 


Plithogeny is the origin, creation, production and evolution of new objects from the synthesis of conflicting 
or non-conflicting multiple old objects. Smarandache[12] introduced the plithogenic set as a generalisation of 
neutrosophy in 2017. 


The elements of plithogenic sets are denoted by one or many number of attributes and each of it have 
several values.Each values of attribute has its respective (fuzzy, intuitionistic fuzzy or neutrosophic ) appurtenance 
degree for the element x (say) to the plithogenic set P (say) with respect to certain constraints. For the first time, 
Smarandache[12] introduced the contradictory (inconsistency) degree between each value of attribute and the 
dominant value of attribute which results in getting the better accuracy for the plithogenic aggregation 
operators(fuzzy, intuitionistic fuzzy or neutrosophic). 


Y.B. Jun et al [4] implemented a cubic set which is a combination of a fuzzy set with an interval valued fuzzy 
set. Internal and external cubic sets were also described and some properties were studied. 


Y.B.Jun, Smarandache and Kim [4] introduced Neutrosophic cubic sets and the concept of internal and 
external for truth, falsity and indeterminacy values.Furthermore they provided so many properties of P (R) -union,P 
(R) —intersection for internal and external neutrosophic cubic sets. 


In this article, using the principles of cubic sets and plithogenic set, we presented the generalisation of 
plithogenic cubic sets for fuzzy, Intuitionistic fuzzy and neutrosophic sets 


2. Preliminaries 


Definition 2.1 [15] Let Z be a universe of discourse and the fuzzy set F = 2, Hy (z)) |ze z} is described by a 
belonging function uv, as , “, :Z — [0,1]. 


Definition 2.2 [10] Let Y be a non-empty set. Then, an interval valued fuzzy set B over Y is defined as 


B={[B (y),B*(y)]/ y: ye Y} where B (x) and B*(x) are stated as the inferior and superior degrees of belonging 
ye Y where 0< B(y)+ B*(y) <1 correspondingly. 


Definition 2.3 [2, 3] Let N be a non empty set.The set A= (Ay )ne N } is called an intutionistic fuzzy 
set (in short, IFS) of N where the function 2, : N > [0,1], ¢,: N — [0,1] denotes the membership degree (say 2,(n) 


) and non-membership degree (say ¢,(n)) of each element ne N to the set A and satisfies the constraint that 
0<A,(n)+O,(n) <1. 


Definition 2.4 [10] Let Y be a non-empty set. The set A= {< y,M,(y),N,(y) >| ye Y} is called an interval 
valued intuitionistic fuzzy sets (IVIFS) A in Y where the functions M,(y):Y > [0,1] and N,(y):Y > [0,1] 
denotes the degree of belonging, non-belonging of A respectively. Also M,(y)=[M,,(y),M,y(y)] and 
Na(y) = IN 4.0.9), Nau 1, OS May (9) +My (y) $1 for each ye Y 


Definition 2.5 [6] Let N be a non empty set.The set A= {(n,A4,04.Ya)ne N } is called a neutrosophic set (in 
short, NS) of N where the function A, : N > [0,1], @,:N— [0,1] and vy, : N — [0,1] denotes the membership degree 
(say A,(n) ), indeterminacy degree (say @,(n) ), and non- membership degree (say ¥,(n) )of each element ne N to 


the set A and satisfies the constraint that 0 < 2,(n)+ ¢,(n)+ ¥,(n) $ 3. 
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Definition 2.6 [1] Let R be a non-empty set. An interval valued neutrosophic set (INS) A in R is described by 
the functions of the truth-value (A,) , the indeterminacy (A,) and the falsity-value (A,) for each point re R, 


A, (r), A, (r), Ar (7) € [0,1]. 


Definition 2.7 [4,5] Let E be a non-empty set. By a cubic set in E ,we construct a set which has the form 
W = {< e, B(e), (e) >| ee E} in which B is an interval valued fuzzy set (IVFS) in E and w isa fuzzy set in E. 


Definition 2.8 [4] Let E be a non-empty set. If B (e)< u(e)< B*(e) for all ee Ethen the cubic set 
W =< B,u > in Eis called an internal cubic set (briefly IPS). 


Definition 2.9 [4] Let E be a non-empty set. If “(e)¢(B (e),B*(e)) for all ee Ethen the cubic set 
W =< B,yu > in Eis called an external cubic set (briefly ECS) 


Definition 2.10 [10] Plithogenic Fuzzy set for an interval valued (IPFS) is defined as 
Vce C,d:Cxw > C([0,1]), Vwe Wand d(c,w) is an open, semi-open, closed interval included in [0, 1] and 
C(O, 1]) is the power set of the unit interval [0,1] (i.e) all subsets of [0,1]. 


Definition 2.11 [10] A set which has the form Vce C,d:CxW > C({0,1]*) and Vwe Wis called interval 
valued plithogenic intuitionistic fuzzy set (IPIFS) where d(c, w) is an open, semi-open, closed for the interval 
included in [0,1]. 


Definition 2.12 [10] A set which has the form Vce C,d:CxW > C([0,1]*) and Vwe W is called interval 
valued plithogenic neutrosophic set IPNS) where d(c, w) is an open, semi-open, closed for the interval included in 


[0,1]. 
3. Plithogenic Cubic sets 
3.1 Plithogenic fuzzy Cubic sets 


Definition 3.1.1 For a non empty set Y, the Plithogenic fuzzy cubic set (PFCS) is defined as 
A={< y, B(y),A(y) >| ye Y} in which B is an interval valued plithogenic fuzzy set in Y and / is a fuzzy set in Y. 


Example 3.1.2 The following values of attribute represents the criteria “Musical instruments” : Piano (the 
dominant one), guitar, saxophone, violin. 














Contradictory Degree 0 0.50 0.75 1 
Value of attributes Piano Guitar Saxophone Violin 
Appurtenance Degree B(y) [0.5, 0.6] [0.2, 0.8] [0.4, 0.7] [0.1, 0.3] 
Ay) 0.3 0.4 0.6 0.2 























Definition 3.1.3 For a non-empty set Y, the PFCS A =< B,/> in Y is called an internal plithogenic fuzzy 
cubic set (briefly IPFCS) if B,, (y) < 4,(y) < B bie (y) for all ye Y and d; represents the contradictory degree and 
their respective value of attributes. 


Example 3.1.4 The following values of attribute represents the criteria “Color” : Yellow(the dominant one), 
green, orange and red. 





Contradictory Degree 0 0.50 0.75 1 
Value of attributes Yellow Green Orange Red 
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Appurtenance Degree B(y) [0.2, 0.3] [0.6, 0.8] [0.3, 0.6] [0.4, 0.9] 
Ay) 0.2 0.7 0.5 0.8 


























Definition 3.1.5 For a non-empty set Y, the PFCS A =< B,A> in Y is called an external plithogenic fuzzy 
cubic set (briefly EPFCS) if A,(y)¢ (By, (y),B ra (y)) for all ye Y and and d; represents the contradictory degree 
and their respective value of attributes. 


Example 3.1.6 The following values of attribute represents the criteria “Subjects” : Mathematics(the dominant 
one), Physics, Chemistry and Biology 














Contradictory Degree 0 0.50 0.75 1 
Value of attributes Mathematics Physics Chemistry Biology 
Appurtenance Degree B(y) (0.4, 0.6] [0.5, 0.8] [0.2, 0.3] [0.5, 0.9] 
Ay) 0.7 0.1 0.6 0.3 























Remark 3.1.7 If any one of the attribute value 4, (y) = y for all ye Y and i represents the values of attribute 
then A is neither an IPFCS nor an EPFCS. 


3.2 Plithogenic Intuitionistic fuzzy cubic set 


Definition 3.2.1 For a non empty set Y, the Plithogenic Intuitionistic fuzzy cubic set (PIFCS) is defined as 
A ={< y, B(y),A(y) >| ye Y} in which B is an interval valued Plithogenic Intuitionistic fuzzy set in Y and / isa 
intuitionistic fuzzy set in Y. 


Example 3.2.2 The following values of attribute represents the criteria “Mobile phone brands” : Apple (the 
dominant one), Samsung, Nokia, Lenova. 














Contradictory Degree 0 0.50 0.75 1 
Value of attributes Apple Samsung Nokia Lenova 

( [0.2, 0.5], ({0.5, 0.8], ([0.4, 0.7], ({0.1, 0.3], 
Spouenee Ree oy? [0.3, 0.61 ) [0.1, 0.71) (0.2,0.61) | [0.4,0.7) 
Ay) ({0.1,0.7]) ([0.2, 0.4]) ([0.1, 0.8]) ({0.2, 0.5]) 























Definition 3.2.3 For a non-empty set Y, the PIFCS A=<B,A> in Y is called an internal plithogenic 
intuitionistic fuzzy cubic set (briefly IPIFCS) if B, (y)<A,(y)S B,’(y) for all ye Y and d; represents the 
contradictory degree and their respective value of attributes. 


Example 3.2. The following values of attribute represents the criteria “ Proficiency ” : Excellent (the dominant 
one), good, average, poor 





























Contradictory Degree 0 0.50 0.75 1 
Value of attributes Excellent Good Average Poor 
([0.3, 0.5], ([0.4, 0.6], ({0.1, 0.8], ({0.2, 0.3], 
About Degree 20) [0.1, 0.61) [0.5, 0.81) [0.7, 0.81) | [.0.1,0.61) 
Ay) ([0.4,0.5]) ([0.6, 0.7]) ([0.2, 0.5]) ([0.3, 0.5]) 
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Definition 3.2.5 For a non-empty set Y, the PIFCS A=<B,A>in Y is called an external plithogenic 


intuitionistic fuzzy cubic set (briefly EPIFCS) if A,(y)¢ (B,, (y), B, ()) for all ye Y and d; represents the 


contradictory degree and their respective value of attributes. 


Example 3.2.6 The following values of attribute represents the criteria ““ Mode of Transport” : Bus (the 


dominant one), Car, Lorry, Train 



































Contradictory Degree 0 0.50 0.75 1 
Value of attributes Bus Car Lorry Train 
B ([0.4, 0.6], ({0.5, 0.7], ({0.2, 0.6], ([0.3, 0.6], 
Epp Dee) (0.3, 0.51) (0.2, 0.4)) [0.3,0.7)) | [.0.1,0.41) 
Ay) ([0.1,0.6]) ([0.4, 0.5]) ({0.7, 0.2]) ({0.7, 0.6]) 
3.3 Plithogenic Neutrosophic cubic set 
Definition 3.3.1 Let © be an universal set and Y be a non empty set. The structure 


A={< y, B(y),A(y) >| ye Y} is 


said to be Plithogenic Neutrosophic cubic 


set (PNCS) 


in Y, where 


B= {e - (y), Ba, "(y),B A ae y)is an interval valued Plithogenic Neutrosophic set in Y and 
A= {(A," (y),4," (y),4," (y)} is a neutrosophic set in Y. 


The pair A=<B,A>is called plithogenic neutrosophic cubic set over Q where A is a mapping given by 


A:B— NC(Q).The set of all plithogenic neutrosophic cubic sets over Q will be denoted by P,® 


Example 3.3.2 consider the attribute “Size” which has the following values: Small (the dominant one), 


medium, big, very big. 





























Contradictory Degree 0 0.50 0.75 1 
Value of attributes Small Medium Big Very big 
Appurtenance Degree B(y) ([0.3, 0.5], ({0.1, 0.3], ({0.1, 0.5], ({0.2, 0.6], 
[0.1, 0.8], [0.4, 0.8], [0.2, 0. 6], [0.2,0.5], 
[0.1, 0.9]) [0.4, 0.9]) [0.6, 0.9]) [0.7, 0.9]) 
My) ([0.4,0.5, 0.8]) | (0.3, 0.7, 0.4]) | ([0.2,0.5,0.8]) | ({0.5,0.2,0.8]) 








Definition 3.3.3 For a non-empty set Y, the plithogenic neutrosophic cubic set A=<B,/A> in Y is called 


(i) truth internal if B ae (y)< A, (y)<B ne (y) for all ye Y and d; represents the contradictory degree and 


their respective value of attributes. (3.1) 


(ii) indeterminacy internal if B Pa ys Ae y)<B ma y) for all ye Y and d; represents the contradictory 


degree and their respective value of attributes. (3.2) 


(iii) falsity internal if B ras y)< Ant ys By y) for all ye Y and dj represents the contradictory degree 


and their respective value of attributes. (3.3). 


If a plithogenic neutrosophic cubic set in Y satisfies the above equations we conclude that A is an internal 
plithogenic neutrosophic cubic set (IPNCS) in Y. 


Example 3.3.4 The following values of attribute represents the criteria “Sports”: Volley ball(the dominant 


one), Basket ball, Cricket, Bat-minton 





Contradictory Degree 


0 


0.50 


0.75 


1 








Value of attributes 





Volley ball 





Basket ball 





Cricket 





Bat-minton 
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Appurtenance Degree B(y) ( [0.2, 0.5], ((0.1, 0.3], ([0.5, 0.8], ([0.3, 0.6], 
[0.6, 0.8], [0.4, 0.5], (0.1, 0. 4], [ 0.1,0.5], 
[0.1, 0.5]) [0.6, 0.9]) [0.6, 0.9]) [0.7, 0.9]) 

Ay) ({0.3,0.6, 0.4]) | ([0.2, 0.5, 0.8]) | ([0.7,0.2, 0.8]) | ([0.4, 0.3, 0.9]) 





Definition 3.3.5 For a non-empty set Y, the plithogenic neutrosophic cubic set A=<B,A> in Y is called 


(i) truth external if rea y)é (B Pa y), By y)) for all ye Y and d; represents the contradictory degree 
and their respective value of attributes. (3.4) 

(ii) indeterminacy external if A (y)¢ (B ra (y), B a (y)) for all ye Y and d; represents the contradictory 
degree and their respective value of attributes. (3.5) 

(11) falsity external if A," (y)¢ (B es (y), B oo (y)) for all ye Y and d; represents the contradictory 


degree and their respective value of attributes. 


(3.6) 


If a plithogenic neutrosophic cubic set in Y satisfies the above equations, we conclude that A is an external 
plithogenic neutrosophic cubic set (EPNCS) in Y. 


Example 3.3.6 The following values of attribute represents the criteria “Seasons” : Spring (the dominant one), 


Winter, Summer, Autumn 





























Contradictory Degree 0 0.50 0.75 1 
Value of attributes Spring Winter Summer Autumn 
({0.3, 0.6], ({0.1, 0.3], ({0.1, 0.4] , ([0.3, 0.5], 
Appurtenance Degree B(y) [0.7, 0.5], [0.2, 0.3], [0.2, 0. 6], [ 0.2.0.7], 
[0.4, 0.8]) [0.6, 0.8]) [0.8, 0.9]) [0.6, 0.8]) 
Ay) ({0.1,0.2,0.9]) | ({0.4, 0.5, 0.9]) ({0.7, 0.9, 0.6]) ({0.1, 0.8, 0.3]) 











Theorem 3.3.7 Let Y be a non empty set and A=<B,/A>be a PNCS in Y which is not external. Then there 
that Ai (y) € (By) Ba) ). Ai’ (y) € (By, (9), Ba" (y) Jor 


A,” (y) € (Be Ds By" (y) ) where d; represents the contradictory degree and their respective value of 


exists ye Y such 


attributes.. 
Proof. Direct proof 


Theorem 3.3.8 Let Y be a non empty set and A=<B,A>be a PNCS in Y. If Ais both T-internal and T- 
external, then (V ye y) (a7 (yé 1B,,7 (y) | ye yfu {B Peg y) | ye y}) where d; represents the contradictory degree 


and their respective value of attributes. 


Proof. The conditions (3.1) and (3.4) that 


A,’ (y)€ (By, (y), By," (y)) for all ye Y and i= 1, 2, 3,...0. 


implies B,, (y) <A,(y)< B, (y) and 


Then it indicates that Ae. (y) = By, (y) or Re (y) = By, *Ty), and hence 


A, Oye {B a y) | ye yfu 1B, Ty) | ye y} where d; represents the contradictory degree and _ their 


respective value of attributes. 


Hence the proof. 
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Correspondingly the subsequent theorems hold for the indeterminate and falsity values. 


Theorem 3.3.9 Let Y be a non empty set and A=<B,/A>be a PNCS in Y. If Ais both J-internal and I- 
external, then (Vye v)(4,7¢ ye {B Mar y) | ye yfu 1B,,""( y) | ye y}) where d; represents the contradictory degree 


and their respective value of attributes. 


Theorem 3.3.10 Let Y be a non empty set and A=<B,/A>be a PNCS in Y. If A is both F-internal and F- 
external, then (Vye Y a," (ye 1B," (y) | yeY fo {B ra (y) | yeY }) where d; represents the contradictory degree 


and their respective value of attributes. 


Definition 3.3.11 Let Y be a non empty set, The complement of A=<B,/>is said to be the PNCS 
AY =< BY,” >where BS = {(B<<," (y), Boa! (y), Ba," ()}} is an interval valued PNCS in Y and 
A={(4i" (9), Ai" (y), Ai" (y)}_ is a neutrosophic set in Y. 


Theorem 3.3.12 Let Y be a non empty set and A=<B,A>be a PNCS in Y. IfA is both T-internal and T- 
external, then the complement A‘ =< B‘, 7° > of A=< B,A >is an T-Internal and T-external PNCS in Y. 


Proof. Let Y be a non empty set If A=< AA> is an T-internal and T-external PNCS in Y, then 
B, | (y) S4,(y) S By (y) and 4," (y)¢ (By, (9). By, (y)_ for all, ye Yand i = 1, 2, 3,...,.n. It follows that 


1- B,' (y) S1-4,(y) S$ 1- B,*" (y)and.1- 4," (y)¢ (I- By," (y).1- By,” (y)). Therefore A° =< B°,A° >is an T- 
Internal and 7-external PNCS in Y. 


Correspondingly the subsequent theorems hold for the indeterminate and falsity values. 


Theorem 3.3.13 Let Y be a non empty set and A=<B,A>be a PNCS in Y. If Ais both internal and I- 
external, then the complement A‘ =< B°,A° > of A=< B,A> is an J-internal and J-external PNCS in Y. 


Theorem 3.3.14 Let Y be a non empty set and A=<B,A>be a PNCS in Y. IfA is both F-internal and F- 
external, then the complement A‘ =< B°,A° > of A=< B,A> is an F-internal and F-external PNCS in Y. 


Definition 3.3.15 Let A =< B,A >< P°wn . 
If By (y) SA, (9) S$ By") B, (9) $4 (y) S By") Ae (y) € (By, | (y), By,” () 
or 

By, (y) SA; (y) S By") Bz () SA," (9) S By" (y) Ay (We (Ba, 0), Ba," )) 
or 


By, OSA) O)S By) By (9) $4) S By") 4; € (Ba, ), By," (9) for all, ye Y .Then 
2 1 
A is called 3 IPNCS or 3 EPNCS. 


Example 3.3.16 The following values of attribute represents the criteria “Types of humans” : Fun loving (the 
dominant one), Sensitive, Determined, Serious 











Contradictory Degree 0 0.50 0.75 1 

















DOI: 10.528 1/zenodo.4030378 36 


International Journal of Neutrosophic Science (I[NS) Vol. 11, No. 1, PP. 30-38, 2020 

















Value of attributes Fun loving Sensitive Determined Serious 

Appurtenance Degree B(y) ({0.1, 0.6], ({0.1, 0.3], ((0.1, 0.4], ({0.3, 0.5], 
[0.3, 0.5], [0.2, 0.3], [0.2, 0. 6], [ 0.2,0.7], 
[0.4, 0.8]) [0.6, 0.8]) [0.8, 0.9]) [0.6, 0.8]) 

Ay) ([0.1,0.4, 0.9]) | ([0.2, 0.5, 0.7]) ([0.7, 0.5, 0.8]) | ({0.3,0.4, 0.3]) 

















Definition 3.3.16 Let A =< B,A >< P°n. 
If By’ (y) SA; (9) S$ Ba" (9). 4, € (By, (9), Ba, 4, () € (Bu, (9), Ba,” ()) 
or 
By, (y) SA" (VS By" (9) 4) € (Ba, (9) Ba,” OO) A € (Ba, (0) Ba, OD) 
or 
B,, | (y) $4; (9) $ By") 4; € (By, ) Ba OD). Ai () € (Ba, (), Ba,” (y)) for alll ye Y. 


Then A is called ; IPNCS or = EPNCS. 


Example 3.3.17 The following values of attribute represents the criteria ““ Social Networks ” : Whatsapp, 
Facebook (the dominant one), Instagram, Linkedinn 
































Contradictory Degree 0 0.50 0.75 1 

Value of attributes Whatsapp Facebook Instagram Linkedin 
([0.2, 0.6], ([0.1, 0.3], ({0.1, 0.4], ({0.3, 0.5], 

Appurtenance Degree B(y) [0.7, 0.5], [0.2, 0.4], [0.2, 0. 6], [ 0.2,0.7], 
[0.4, 0.8]) [0.6, 0.8]) [0.8, 0.9]) [0.6, 0.8]) 

Ay) ({0.3,0.2, 0.9]) ([0.4, 0.3, 0.9]) ({0.7, 0.2, 0.6]) | ([0.2, 0.5, 0.4]) 





Theorem 3.3.14 Let A =< B,A >e P°y. Then 


(i) AILIPNCS is a generalisation of ICS. 
(ii) All EPNCS is a generalisation of ECS. 
(iii) All PNCS is a generalisation of CS. 


Proof. Direct proof. 


4. Conclusions and future work 


In this article,We have introduced the plithogenic fuzzy cubic set, plithogenic intuitionistic fuzzy cubic set, 
plithogenic neutrosophic cubic sets and their corresponding internal and external cubic sets are defined with 
examples. Furthermore some of the properties of plithogenic neutrosophic cubic sets are investigated. In the 


consecutive research, we will study the P-Union, P-Intersection, R-Union, R-Intersection of plithogenic 
neutrosophic cubic sets. 


Funding: “This research received no external funding” 


Conflicts of Interest: “The authors declare no conflict of interest.” 


DOI: 10.528 1/zenodo.4030378 37 





International Journal of Neutrosophic Science (IJNS) Vol. 11, No. 1, PP. 30-38, 2020 





References 


[1] R.Anita Cruz and F.Nirmala Irudayam, “Neutrosophic Soft Cubic set”, International Journal of Mathematics 
trends and Technology 46 (2), pp.88-94, 2017. 

[2] K.T. Atanassov, “Intuitionistic fuzzy sets”, Fuzzy sets and Systems 20, pp.87- 96,1986. 

[3] Y.B.Jun, C.S.Kim and K.O.Yang, “Cubic sets”, Annals of Fuzzy Mathematics and Informatics 4(3),pp.83- 
98, 2012. 

[4] Y.B. Jun, F.Smarandache and C.S. Kim, “Neutrosophic Cubic set”, New Mathematics and Natural 
Computation, 13 (1), pp.41-54, 2017. 

[5] Majid Khan , Ismat Beg and Muhammad Gulistan, “Exponential Laws and Aggregation Operators on 
Neutrosophic Cubic Sets’, International Journal of Neutrosophic Science (IJNS), Vol. 4, No. 1,pp. 47-71, 2020 
[6] Nivetha Martin and Florentin Smarandache, “Plithogenic Cognitive Maps in Decision Making”, 
International Journal of Neutrosophic Science (IJNS) , Vol. 9, No. 1,pp. 09-21, 2020 

[7] Prem Kumar Singh, “Plithogenic set for multi-variable data analysis”, International Journal of Neutrosophic 
Science (IJNS), Vol. 1, No. 2, pp. 81-89, 2020 

[8] F.Smarandache, “A Unifying Field in Logics. Neutrosophy: Neutrosophic Probability, Set and Logic”, 
Rehoboth: American Research Press, 1999. 

[9] F.Smarandache, “Neutrosophic set, a generalisation of the intuitionistic fuzzy sets”, Inteer J. PuBre Appl. 
Math. 24, pp.287-297,2005. 

[10]F.Smarandache, “Neutrosophy and Neutrosophic Logic, First International Conference on 
Neutrosophy,NeutrosophyLogic, Set, Probability and Statistics” University of New Mexico,Gallup,NM 
87301,USA, 2002. 

[11] F.Smarandache “Neutrosophy, A new Branch of Philosophy”,= Multiple Valued Logic /An International 
Journal, USA, ISSN 1023-6627, Vol;. 8, No.3, pp.297-384, 2002. 

[12] F.Smarandache, “Plithogeny, PlithogenicSet, Logic,Probability, and Statistics’, 141 pages, Pons 
Editions,Brussels,Belgium,2017, arXiv.org (Cornell University), Computer Science-Artificial Intelligence, 
03Bxx:abstract:https://arxiv.org/abs/1808.03948,book:https://arxiv.org/ftp/arxiv/papers/1808/1808.03948.pdf,H 
arvardSAO/NASAADS: http://adsabs. harvard.edu/cgi-bin/bib_query?arXiv:1808.03948. 

[13] Turksen, “Interval valued fuzzy sets based on normal forms”, Fuzzy sets and Systems, 20, pp.191- 
210,1968. 

[14] B. Turksen,“ Interval-valued fuzzy sets and compensatory” Fuzzy Sets and Systems, 51, pp.295- 
307,1992. 

[15] I. B. Turksen, “Interval-valued strict preference with Zadeh triples”, Fuzzy Sets and Systems 78, pp.183- 
195,1996. 

[16] Victor Christianto, Robert N. Boyd and Florentin Smarandache “Three Possible Applications of 
Neutrosophic Logic in Fundamental and Applied Sciences”, International Journal of Neutrosophic Science 
(IJNS)Vol. 1, No. 2, pp. 90-95, 2020 

[17] Wang, H.; Smarandache, F.; Zhang, Y. Q.; Sunderraman, R. “Interval Neutrosophic Sets and logic: Theory 
and Applications in Computing”; Hexis, Phoenix, Ariz, USA, 2005. 

[18] L.A Zadeh, “Fuzzy sets”, Inform and Control 8, pp.338-353,1965. 





DOI: 10.528 1/zenodo.4030378 38 


International Journal of Neutrosophic Science (IJNS) Vol. 11, No. 1, PP. 39-52, 2020 


ASPG 


American Scientific Pubfiahing Group 





Cryptography in Terms of Triangular Neutrosophic Numbers with Real 
Life Applications 


Ali Hamza!, Muhammad Naveed Jafar *!, Ahtasham Habib?, Sara Farooq?, Ezgi Tiirkarslan? 


'Department of Mathematics Lahore Garrison University, Sector-C, Av-4, DHA Phase VI 54000 Lahorer, Pakistan 
? Department of Mathematics Lahore Garrison University, Sector-C, Av-4, DHA Phase VI 54000 Lahorer, Pakistan 
2 Department of Mathematics Lahore Garrison University, Sector-C, Av-4, DHA Phase VI 54000 Lahorer, Pakistan 
? Department of Mathematics Lahore Garrison University, Sector-C, Av-4, DHA Phase VI 54000 Lahorer, Pakistan 
2Department of Mathematics, TED University, On Cebeci, Ziya Gokalp Cd. 48/A, 06420 Cankaya/Ankara, Turkey 


* Correspondence: naveedjafar@lgu.edu.pk 





Abstract 


In this article, our main focus is to put forward the concept of Cryptography in terms of triangular neutrosophic 
numbers. This kind of cryptography is really reliable, manual, secure, and based on few simple steps. All the 
encryption and decryption are easy to proceed (mention below). As we know, Public-key cryptography as an 
indefatigable defender for human privacy and use as information transfer from the ages. various concepts are available 
with regard to cryptography e.g. Elliptic curve cryptography. TNNC (Triangular neutrosophic numbers cryptography) 
is familiar with basic concepts of math as well as applicable in different situations e.g. code cryptography, detailed 
view cryptography, and Graph cryptography encryption facilitate. 


Keywords: Cryptography, Triangular Neutrosphic numbers, Code Encryption, Detailed overview encryption. 
Why is Cryptography in Terms of Triangular neutrosophic numbers required? 


Easy to use and no computer work required to proceed (Fully manual). 
With the help of math’s law, it is impossible to decrypt without a key. 

No internet required for that kind of cryptography. 

Convenient for personal use as well as for personal records. 

Based on basic math calculation and possible to proceed with one formula. 


o, o, o, o, o, 
ee me te ae ee 


1 Introduction and History 


Analysts, investigators, and mathematicians from all over the world introduce a wide range of techniques to solve 
decision-making problems. After great approaches in the field of medicine, selection problem, human resources, and 
now with the help of Triangular neutrosophic numbers TNNs, new possibilities are available, with respect to 
cryptography. Researchers give their best, as fundamental of cryptography, principles, applications, and encryption 
slandered [1-2]. Cryptography has become really handy and image cryptography [3-6], color image cryptography has 
been introduced [7] and chocolate cryptography also has been developed [8]. Stegano-cryptosystems introduced as 
well as researchers have also create new approaches in cryptography including S-Boxes [9-19]. 
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Life is full of uncertainty and decision making, and math is a key to solve daily life problems, on the way to serve 
humankind. Fuzzy logic has its own importance (introduced by Molodtsov) [20] in 1999 to deal with uncertainty. 
After the fuzzy set theory [21-23] Intuitionistic fuzzy sets was introduced [24] then neutrosophic sets [25]. Fuzzy and 
Neutrosophic set theory plays an important role in the field of uncertainty and to handle situation regards to multi- 
criteria decision making and in the line of evolution, neutrosophic fuzzy numbers [26] and finally Triangular 
neutrosophic numbers were introduced [27]. 


intuitionistic Neutrosophic 


fuzzy sets sets 





Figure 1 


Researchers also exaggerate the concept of neutrosophic [28-40]. Neutrosophic sets, which we use, are base on 
truth, indeterminacy, and falsity. Wang [41] introduces Single-value neutrosophic sets and Ye [42] further furnished 
the concept of neutrosophic sets. Smarandache and many other researchers [ 43-50] introduce TOPSIS technique 
and their services in multi-criteria decision-making (MCDM), also appreciate able. As well as many other 
researchers from different origins of the world introduce many possibilities and put forward the concept of Multi- 
Criteria decision-making (MCDM) [51-57] and the properties of triangular and pentagonal neutrosophic number are 
proposed by A. Chakraborty [58-59]. 


UP until the 1970s, Encryption all over the world was based on symmetric ciphers, after that technology rises and 
overcomes Manual Cryptography methods. But remember that, online cryptography is risky and complex in some 
situations. Hence by TNNC Manual cryptography is simple to use secure, undemanding and Cipher Text is now more 
complex and impossible to break. With huge applications in code encryption, name encryption and complete 
information of the company is now secure manually. 


1.1 Motivation and Benefits 


As we all know that, neutrosophic is advance universe and really convenient to solve MCDM problems and now 
introduces new possibilities in Cryptography. With the help of Triangular Neutrosophic concept manual cryptography 
resurrect as well as, with more security, less demanding and easy steps to occur. This concept is totally new, Cipher 
text is now more complex, deal with truth, indeterminacy and falsity at the same time, Graph Encryption possible and 
with one key this cryptography is now personal cryptography. Hence, all the personal records (Account number, 
budget, earning, Persons for different situations, Graphs) are all Encrypted manually. 


1.2 The Paper Presentation 
In this current epoch, the concept of manual Cryptography as TNNC is extended. 
** Formation of Triangular Neutrosophic numbers Cryptography (TNNC) with detailed algorithm. 


** Code Encryption as well as complete bank accounts encryption with budget amount. 
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“+ Name of Persons for different situation also encrypted. 
“+ Complete company data encrypted manually. 


1.3 Structure of Paper 


The article depends upon these following prospective. 





«Introduction + Mathematical * Methodology * All possible * Conclusion 
Definitions with example cases 


2 Mathematical Definitions 


Definition 2.1: Neutrosophic set: Set nA is neutrosophic if nA = {(¥; [T(®), 1 @, Fj): % € X} , where 
T—(%) [01], £ na(®) and F =4(*) are membership functions of truth, indeterminacy and falsity with this 


following relation: 


Definition 2.2: Triangular Neutrosophic Numbers: Single-value Triangular neutrosophic number is given as 
Anza = (Bt, Bz, B3: 7, F2, 73) and their truth, indeterminacy and falsity membership is given as: 
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: = 0 when X= G 
lige ® =) ¢— g, i 
as or Gz<x<G 
93 — 42 f $ 
1 otherwise 


DOT: 10.5281/zenodo.4127138 Al 


International Journal of Neutrosophic Science (IJ NS) Vol. 11, No. 1, PP. 39-52, 2020 











aoe for pf, Sx <p 

By — Be pet ae 

= = 1 when X =p. 
F x, (%) = ef _ z P2 
ae for p2p<x<p 
P3 — P2 : ° 

0 otherwise 


NY 
+ 
™ 

| 

ary, 
tad] 

NY 
lA 
Ww 
aR 
m 
D 

al 

2 


Where 0 <7 jz (%) +1 jz__(& 


eu eu 





Parametric form is defined as: ( Ancagy=l T wes (@), T wove (@): Tema (B), Tem (8): Fre 1), Fee (Y)], where, 
T rem (@)=P, + @(B2 — f1). Trem (Q)=Ps — 463 — Br)» Trem (B)=G2 -— BG2 — 1). Irae (B)=te + BGs — 

G2), Fraa =f — Wi —%), Fra (=f + 7% — 7), here 0<@ < 1,0<8 <1,0<f7<1land0<&@+fh+ 

pe 3: 

Definition 2.3: Group is algebraic structure formed by: 

& Set with element G. 

© Closed operation on set G, as well as associative. Which is (a. b).¢ = G. (b.6), for G,b, 6 € G. 

o Identity element 

o Availability of inverse under set operation 


Group which have set operation commutative (a. b = b. @) defined as abelian group. 


Here we have ‘’+’’ as set operation and ‘’0’’ as identity element. We gain a valid group by these prospective and by 
set of integers ‘’Z’’, where pain of inverse and integers with opposite signs are used. With no inverse natural number 
“°N’’ does not form a group. 


Definition 2.4: With the operation ( . ) and @ be a element of group G with identity 1. Order of @ and it is of smallest 
integer ft such that: 


Set {@,a?,a°, a*, ... ,@™} compose a cyclic subgroup of G with order i, here @ is generator for the subgroup. 
3 Methodology with Example 


Suppose the number in 0.97 as plain Text and the key for encryption is 0.21. The procedure depends upon following 
steps: 


We have three values in Triangular fuzzy numbers. 

Step 1 

Add the key in second value of set: 

{0.97,0.97,0.97} > add key (0.21) in second number +> {0.97,1.18,0.97} 


Step 2 
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Apply formula cereals for the process of encryption. The value after applying formula on above set is 1.04. In this 


case 1.04 is Cipher text. 
Step 3 (Decryption) 


For the process of Decryption, firstly multiply the Cipher text by 3 (Result 3.12), then subtract the key (Result 2.91) 
and finally divide the result by 3. Hence by this process we will get the plain text 0.97. 


Decryption | Encryption 





Security Analysis And Necessary Information 


When we apply the key (methodology) then after applying the formula, it is impossible to move back to secure values 
without a key. 


It's all up to you, which key you want to suppose. It's just like a simple pin code but all the encryption and decryption 
is only possible with pin code (key), which is unable to guess or break. 


4 Case study 


Few cases are given below, which mention the requirement of TNNC and show how the process proceeds with a few 
simple steps, key and done as maximum security. 


4.1 Case 1: Code Cryptography 


In this current era, cryptography is really familiar for privacy. Suppose the deal A of a company depend on three 
different values: Account number as Truth. Range of amount for the deal depend upon Indeterminacy and Falsity. Put 
these values after zero. 


Truth Indeterminacy Falsity 
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A ={(0.9878677721, 0.9878677721, 0.9878677721) (0.9700, 0.9700, 0.9700) (0.10999, 0.10999, 0.10999)} 
Let Key = 0.9786 
Encryption: Add the key in the middle value of all above: 


A ={(0.9878677721, 1.966467772, 0.9878677721) (0.9700, 1.9486, 0.9700) (0.10999, 1.08859, 0.10999)} 


G4+b4+6, 


Apply Formula ‘ 


and get the result as: 


A ={(1.31406777207) (1.2962) (0.43619)} This is the Cipher Text. 
Decryption: Multiply the Cipher text by 3: 
A ={(3.9422033 1621) (3.8886) (1.30857)}, Now Subtract the key: 
A ={(2.96360331621) (2.91) (2.32997)}, Now divide it by 3: 
Truth Indeterminacy Falsity 
A ={(0.9878677721, 0.9878677721, 0.9878677721) (0.9700, 0.9700, 0.9700) (0.10999, 0.10999, 0.10999)} 
Table for Case 2: 


This table is designed to convert the alphabets of names in fuzzy values and this process is required because 
security is the main motto of this research article. This table is unique and specially designed by the author 
and the table is based on simple values, which are supposed. Once we convert the unique alphabets of 
names in fuzzy values, then we will be good to go and able to apply it on a few simple steps of triangular 
neutrosophic numbers. 
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4.2 Case 2: Communication Cryptography 


Suppose a company is suffering from quick base action and decided to mention volunteer to deal with that critical 
situation. Two senior persons of company are communicating and the topic under discussion is ideal person, backup 
person and really not recommended person to deal with that situation. 
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The three persons are William as ideal person (Truth), Mason as backup (Indeterminacy) and john not recommended 
for this situation (Falsity). Now convert the names in the form of numbers. 


This methodology, consist of one more step: Convert the name into number. For this procedure, Convert the name 
into less letter. William +> WLM, Mason+> MSN and John+> JAN. Know by the help of above table entertain them 
with numerical values. WIM +> 2.3+ 0.12+ 0.13=2.55. MSN +> 0.13+ 0.19+ 0.14=0.46 and JHN > 0.10+ 0.08+ 
0.14=0.32. 


Truth Indeterminacy Falsity 
A ={0,85,2:55,.2:55) (0.46, 0.46, 0.46) (0.32, 0.32, 0.32)} 
Let Key = 0.77 
Encryption: Add the key in the middle value of all above: 


A ={(2.55, 3.32, 2.55) (0.46, 1.23, 0.46) (0.32, 1.09, 0.32)} 


Gy t+bit+e, 


Apply Formula ; 


and get the result as: 


A ={(2.806666667) (0.7166666667) (0.5766666667)} This is the Cipher Text. 
Decryption: Multiply the Cipher text by 3: 
A ={(8.42) (2.15) (1.73)}, Now Subtract the key: 
A ={(7.65) (1.38) (0.96)}, Now divide it by 3: 
Truth Indeterminacy Falsity 
A’={(2.55,2.55,2.55) (0.46,0.46,0.46) (0.32,0.32,0.32)} 
Finally compare the number with name, by the help of table as WLM +> 2.55, MSN +> 0.46 and JAHN +> 0.32. 


4.3 Case 3: Graph Cryptography 


Suppose a person want to be aware of online scam and want to save his personal company information manually. 
Here, with the help of one single key he can store multiple data manually with few single steps. 


a) Progress per 10 days 
The progress is 89%, 29% and 69%, on the base of 1000$. Add zero in front of numbers. 
A ={(0.89, 0.89, 0.89) (0.29, 0.29, 0.29) (0.69, 0.69, 0.69)} 
Let Key = 0.77 
Encryption: Add the key in the middle value of all above: 


A ={(0.89, 1.66, 0.89) (0.29, 1.06, 0.29) (0.69, 1.46, 0.69)} 


G4 +by+6, 


Apply Formula 


and get the result as: 
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A ={(1.146666667) (0.5466666667) (0.9466666667)} This is the Cipher Text. 
Decryption: Multiply the Cipher text by 3: 
A ={(3.44) (1.64) (2.84), Now Subtract the key: 
A ={(2.67) (0.87) (2.07)}, Now divide it by 3: 


A ={(0.89, 1.66,0.89) (0.29, 1.06, 0.29) (0.69, 1.46, 0.69)} 


Progress Per 10 Days 
100 
90 
80 
70 
60 
50 
40 
30 
20 
10 


b) Budget 


Now the most personal thing, need to hide is company budget, for this purpose we just have to follow these following 
steps. Firstly, convert it in percentage and then encrypt and decrypt it. The percentages are 39% as remaining, 42% 
and 19% are investment per 15 days. 


A ={(0.39, 0.39, 0.39) (0.42, 0.42, 0.42) (0.19, 0.19, 0.19) 
Let Key = 0.77 
Encryption: Add the key in the middle value of all above: 


A ={(0.39, 1.16, 0.39) (0.42, 1.19, 0.42) (0.19, 0.96, 0.19)} 


G4 +bit+e, 


Apply Formula 


and get the result as: 
A ={(0.6466666667) (0.6766666667) (0.4466666667)} This is the Cipher Text. 
Decryption: Multiply the Cipher text by 3: 
A ={(1.94) (2.03) (1.34)}, Now Subtract the key: 


A ={(1.17) (1.26) (0.57)}, Now divide it by 3: 
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A ={(0.39, 0.39,0.39) (0.42, 0.42, 0.42) (0.19, 0.19, 0.19)} 


15 days BUDGET 


investment 
42% 





Remaning 
39% 


c) Earning per 10 days 


The progress is 899$, 299$ and 699$ 


A ={(0.899, 0.899, 0.899) (0.299, 0.299, 0.299) (0.699, 0.699, 0.699)} 
Let Key = 0.77 
Encryption: Add the key in the middle value of all above: 


A ={(0.899, 1.669, 0.899) (0.299, 1.069, 0.299) (0.699, 1.469, 0.699)} 


G4 +b +6, 


Apply Formula - 


and get the result as: 


A ={(1.155666667) (0.5556666667) (0.9556666667)} This is the Cipher Text. 


Decryption: Multiply the Cipher text by 3: 
A ={(3.467) (1.667) (2.867)}, Now Subtract the key: 
A ={(2.697) (0.897) (2.097)}, Now divide it by 3: 


A ={(0.899, 0.899, 0.899) (0.299, 0.299, 0.299) (0.699, 0.699, 0.699)} 
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Earning per 10 days 
1000 399 
800 699 
600 


400 299 


200 


jo) 


Hence, by the help of TNNC, the complete data of company encrypted including progress, budget and earning as well 
as data depend upon three different parts. 


Limitations 


> All the calculations are basic and manual, hence image cryptography and sentence encryption are not possible 
yet. 

> All the calculations are in regards to Triangular netrosophic numbers, so all the codes and values during the 
process lie between 0 and 3. 

> Without the internet but with the help of reliable software like MATLAB, that kind of cryptography is 
possible and offline apps also developed for this procedure. 


5 Conclusion 


In this article, our main focus is to promote manual cryptography, which is more secure, less demanding and it is 
possible to create a personal record with a single key and by least step. All the necessary requirements and limitations 
of TNNC are also mentioned. Triangular neutrosophic numbers can be used in manual cryptography and now it is 
possible to create personal record secure manually with a single key. Cypher text is more secure, complex, and 
impossible to break without a key. The complete procedure of this new concept is available, and all possible personal 
records in regard to business or for any other condition now encrypted with few simple steps. 


Acknowledgement: The authors are fully thankful to the respected Editor-in-chief as well as really great-full to their 
valuable comments and suggestions, which make this research better and reliable. 
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Abstract 


Many researchers have been proposing various algorithms to unravel different types of fuzzy shortest path 
problems. There are many algorithms like Dijkstra’s, Bellman-Ford,Floyd-Warshall and kruskal’s etc are 
existing for solving the shortest path problems. In this work a shortest path problem with interval valued 
neutrosophic numbers is investigated using the proposed algorithm. A* algorithm is extensively applied in pathfinding 
and graph traversal.Unlike the other algorithms mentioned above, A* algorithm entails heuristic function to 
uncover the cost of path that traverses through the particular state. In the structured work A* algorithm is applied 
to unravel the length of the shortest path by utilizing ranking function from the source node to the destination 
node. A* algorithm is executed by applying best first search with the help of this search, it greedily decides 
which vertex to investigate subsequently. A* is equally complete and optimal if an acceptable heuristic is 
concerned. The arc lengths in interval valued neutrosophic numbers are defuzzified using the score function.. A 
numerical example is used to illustrate the proposed approach. 


Keywords: Heuristic function, Interval Valued Neutrosophic Graph, Score Function,Shortest Path Problem. 
Destination node, Source node. 


1.Introduction 


In order to overcome the real life situations which could not be handled in some conditions, Zadeh[1] 
introduced Fuzzy logic which was further developed by Zimmermann[2]. For handling uncertainty the interval 
valued neutrosophic set is used. The truth-membership, the indeterminacy-membership and the falsity-membership 
are characterized independently in interval valued neutrosophic set which are able to work with the information’s 
which are conflicting, undetermined, and partial. The rational subdivision of studying the nature, origins, and scope 
of neutralities, in addition to interface with a variety of ideational spectra is phrased as neutrosophy.The extension of 
neutrosophic set to neutrosophic offset, underset, and overset was proposed by Smarandache[3]. Bipolar 
neutrosophic sets, simplified neutrosophic sets, interval valued neutrosophic sets, single valued neutrosophic sets etc 
are various extension of neutrosophic sets[4,5,6]. The single valued neutrosophic notion is helpful in a range of 
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fields, such as the decision making problem, medical diagnosis, etc. Various concepts in graph theory were 
introduced by combining single valued neutrosophic sets. The single valued neutrosophic graph is the simplification 
of fuzzy graphs and intuitionistic fuzzy graphs. An interval valued neutrosophic graph oversimplifies the notions of 
a fuzzy graph, an intuitionistic fuzzy graph, an interval valued fuzzy graph and a single valued neutrosophic graph. 
The most common topic in research is finding the shortest path of the graph by traversing the edges with different 
types of algorithms. By using the score function Broumi et. al. [7] proposed an algorithm to solve the neutrosophic 
shortest path problem where the network arc lengths are represented by interval valued neutrosophic numbers. 
Multiple labeling is applied for finding shortest path with intuitionstic fuzzy arc length by Jabarulla et.al[8]. 
Kumar and Kaur [9] provided the solution of fuzzy maximal flow problems using fuzzy linear programming. Garg 
et al. [10] have proposed the Hybrid model for medical diagnosis using Neutrosophic Cognitive Maps with Genetic 
Algorithms. An Algorithm for shortest path problem in a network with interval valued intuitionstic trapezoidal fuzzy 
number was presented by Kumar et al.[11]. Jayagowri et al. [12] used Trapezoidal Intuitionistic Fuzzy Number to 
Find Optimized Path in a Network. Broumi et al have dealt with various concepts of neutroshopic graphs like single 
valued neutrosophic graphs, on bipolar single valued neutrosophic graphs and interval valued neutrosophic graphs 
etc with different algorithms [13,14,15,16,17,18]. Various aspects of Neutrosophic Graphs were studied by 
Smarandache[19]. Pentagonal Neutrosophic Number and its Application in Networking Problem was proposed by 
Avishek Chakraborty [20]. Thamaraiselvi et al.[21] found a new approach for optimization of real life transportation 
problems in neutrosophic environment. Tuhin bera[22] gave an approach to solve the linear programming problem 
using single valued trapezoidal neutrosophic number. Sapan Kumar Das [23] have used neutrosophic numbers in 
integer programming. Edalatpanah [24] suggested a new technique to solve triangular neutrosophic linear 
programming . Majumdar et al.[25] has worked on shortest path problem on intuitionistic fuzzy network . Bhimraj 
basumatary[26] have unraveled the interval-valued triangular neutrosophic linear programming .There are many 
algorithms existing for solving the shortest path problems like Dijkstra’s, Bellman-Ford,Floyd-Warshall and kruskal’s 
etc for finding the optimal path . In this paper A * algorithm is applied for solving the interval valued neutrosophic 
shortest path problem. 

A* algorithm is a best-first search algorithm that depends on an open list and a closed list to discover a path 

that is both optimal and complete towards the goal. A* search finds the shortest path through a search space to goal 
state using heuristic function. This technique finds minimal cost solutions and is directed to a goal state called A* 
search. This algorithm is complete if the branching factor is finite and every action has fixed cost. By defuzzifying 
the given interval valued neutrosophic cost by applying score function and by applying A* algorithm we find the 
optimal path. 
This paper is organized as follows. In Section 2, the basic concepts about neutrosophic sets and interval valued 
neutrosophic graph is presented. In Section 3, A* algorithm is proposed to find the shortest path and distance in an 
interval valued neutrosophic graph. In Section 4 a numerical example is illustrated with the algorithm .Section 5 
conclusion and proposals for future research is given. 


2. Preliminaries[16] 
Definition 2.1: 


Let X be a space of points with generic elements in X denoted by x is the neutrosophic set A is an object having the 
form, A = {(x : T,(X), 1,(X), F4(X)) ,x © X},where the functions T,I,F : X—]0,1+[ define respectively the truth- 
membership function, indeterminacy- membership function and falsity - membership function of the element ,x € 
X to the set A with the condition ‘0 < T,(X) + I,(X) + F,(X) < 3* .The functions are real standard or non standard 
subsets of ]0,1+ [. 

Definition 2.2: 

Let Rn = ([R7,Rp Ruy Re, |Tpelp, Fr)) and Sn = ([Sp ,S),Sy,S5¢,](Ts, 15, Fs)) be two trapezoidal neutrosophic 
numbers (TpNNs) and @ = 0 ,then 

Rn @® Sn=([Rp + $7,R,; + 5,Ry +Sy,Re +Se |e + +7; — Tp Ts. Ip 15, FrFs)) 

Rn ® Sn=([Rr Sp Ry Sp Ru Su, Re Se \(Tp-Ts Ip + Is — Ip ls: Frt+Fs — Fr. Fs)) 
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6 Rn= ([ORr , OR; OR, ORe, |(1 — (1 — Te))®, Ue)®, (Fe)*)) 
Definition 2.3: 
Let X is a space of points (objects) with generic elements in X denoted by x. An interval valued neutrosophic set A 
(INS A) in X is shown by the truth- membership function 74 (x), an indeterminacy-membership function [4 (x), and 
a falsity-membership function F4 (x). For each point x in X, there are T,(x)= [Ti ,TP]E[0, 1], 1,(x)= 
[1k 12] [0,1], Fx)=[ FE , F2]¢ [0, 1], and the sum T, (x), [,(x) and F, (x) satisfies the condition 
Os supT,(x) + supl,(x) + supF,(x) < 3, then an INS can be expressed as A={(x:T,(x),I,(x), Fy(x)),x € 
X}=(x: [ Ty , Ll [Ik A), [ Fx , Fi]),x € X} 
Definition 2.4: 
Let A, =((T% TY], [i TY), [Ft FY) and A, =((75 , TY], [5 12], [FS FY) 

be two interval valued neutrosophic numbers and 1> 0 . Thus, the operational rules are 

defined as: 

1.4, @A, = [TE + TE -TLTE, TY + TY — TEE). EE EY |. [FL FE REY | 

2. A, @A.=([TET?, TTY, |. Uy + 1g — Wl Ty + ty — Wg) [Fg + Fe — FY Fa, Fy + Fy’ — Fy’ 2’) 

Ae aa Teta Gan ery ry) 

4. A=(((7TE4, (TY) ].[1- A - 124.1 - a -17)4),[1- a -F})4,1- (- F)]) Where a > 0 
Definition 2.5: To compare between two IVNN, Ridvan [33] used a score function concept in 2014. The score 
function is used for comparing the IVNS grades. This function demonstrates that the greater the value, the greater 
the interval-valued neutrosophic sets, and through the use of this concept paths can be ranked. 

Let A, = (%j, li, K) be an interval valued neutrosophic number, then, the score function s(A,) of an IVNN can be 
defined as follows: 


S(4,) = (=) x [2+ Tf + TY — 2ut — 21) — FE - FY] 


Comparison of interval valued neutrosophic numbers 

Let A, = (Zi, i, H) and Az = (B, b, B) be two interval valued neutrosophic 

numbers then 

(i) A, <A, if S(A,) < S(A,) 

(ii) A, >A, if S(A,) > S(A2) 

(iii) A, =A, if S(A,) = S(A,) 
3. Basic notations in A* search 
f —f is the parameter of A* which is the sum of the other parameters G and H and is the least cost from one node to 
the next node. This parameter is responsible for helping us find the most optimal path from our source to destination. 
g —g is the cost of moving from one node to the other node. This parameter changes for every node as we move up 
to find the most optimal path. 
h— his the heuristic/estimated path between the current code to the destination node. This cost is not actual but is, in 
reality, a guess cost that we use to find which could be the most optimal path between our source and destination 
3.1: Algorithm for A* Search 
1. Locate the initial node on the list of ORIGIN. 
2. If (ORIGIN is empty) or (ORIGIN = GOAL) terminate search. 
3. Remove the first node from ORIGIN. Call this node as n. 
4. If (n = GOAL) terminate search with success. 
5. Else in case, if node a has successors, generate all of them. Find the fitness number of the successors by totaling 
the evaluation function value & the cost function value. Sort the list by fitness number. 
6. Name the list as START. 
7. Replace ORIGIN with START. 
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8. Go to step 2. 
3.2: A* Pseudo Code 
Let us have the following assumptions, 


Let us denote the goal node as ng , node_current as nc , node_successor as nsc ,successor_current_cost as scc and 


source node is ns. 


The nodes that have been evaluated by the heuristic function but not expanded into successors yet are collected in 


OPEN set. 


The nodes that have been visited and expanded in CLOSE set. 
. Put ns in the OPEN list with f(ns) = h(ns) (initialization) 


. While the OPEN list is not empty { 

. Take from the open list the node nc with the lowest 
. f(nc) = g(nc) @ h(nc) 

.ifnc is ng we have found the solution; break 
. Generate each state nsc that come after nc 

. for each nsc of nc { 

. Set scc = g(nc) @ w(nc, nsc) 

.ifns is in the OPEN list { 

10. if g(ns) < scc then go to (line 20) 

11.} else ifnsc is in the CLOSED list { 

12. if g(nsc) < scc then go to (line 20) 

13. Move nsc from the CLOSED list to the OPEN list 
14.} else { 

15. Add nsc to the OPEN list 

16. Set h(nsc) to be the heuristic distance to ng 
17,} 

18. Set g(nsc) = scc 

19. Set the parent of nsc to nc 

20. 

21. Add nc to the CLOSED list. 

22. 


Oo AOANDHNDMN PWN 


23. if(nc !=ng) exit with error (the OPEN list is empty) 


4. Numerical Example 


Consider the given interval valued neutroshopic shortest path problem with five edges with interval valued 


neutroshopic fuzzy weights as in Fig:1. 










“POL, O22], P07, Gah, po Sy 
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Fig.1.An interval valued neutroshopic shortest path problem 


Let us take the interval valued neutroshopic fuzzy weight for the edge from S-A, by applying the score function 
formula we convert the interval valued neutroshopic fuzzy weights to crisp number, 
<[0.1, 0.2], [0.2, 0.3], [0.4, 0.5]> 


S((A) = (2) x [2+ 7} + TY — 21} — 21 — Fh - FY] 
= (=) x [2+01+02-2x02-2x 03-04-05] 
= G) x p3=04-06=04 05) 


= (<) x [0.4] =0.1 
Similarly by proceeding with the formula for score function, we can find the crisp values given in the table below. 


Table:1. Interval valued Neutrosophic distance 























Edges Interval valued Neutrosophic distance Crisp 
Values 

S-A <[0.1, 0.2], [0.2, 0.3], [0.4, 0.5]> 0.1 
S-B <[0.4, 0.6], [0.2, 0.4], [0.1, 0.3]> 0.35 
A-B <[0.3, 0.4], [0.2, 0.3], [0.4, 0.5> 0.2 
B-C <[0.3, 0.4], [0.2, 0.3], [0.4, 0.5> 0.2 
A-C <[0.3, 0.6], [0.1, 0.2], [0.1, 0.4]> 0.45 
A-G <[0.7, 0.8], [0.1, 0.2], [0.2, 0.3]> 0.6 
C-G <[0.1, 0.2], [0.2, 0.3], [0.3, 0.4]> 0.15 














After finding the crisp values and substituting in the corresponding paths we get, 


eee 
ae 
. Oar mz 
ee [ 


Fig.2. Crisp valued neutroshopic shortest path problem 


Interval valued neutroshopic heuristic values to end nodes are given in the following table.2. 
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Table: 2. Heuristic values 























Node h(n) Crisp h(n) 
S <[0.9, 0.8], [0.1, 0.2], [0.2, 0.3]> 0.65 
A <[0.7, 0.8], [0.1, 0.2], [0.2, 0.3]> 0.6 
B <[0.3, 0.4], [0.2, 0.3], [0.4, 0.5> 0.2 
C <[0.1, 0.2], [0.2, 0.3], [0.4, 0.5]> 0.1 
G <[0,0], [0,0], [1, 1]> 0 














Let us start with the source node S 

ITERATION: 0 

S—00.65=0.65 

From the source node S the graph expands through two paths A and B. 

ITERATION: 1 

SA: f (A) = g(A) Ph(A) = 0.10.6=0.7 

S—B: f (A) = g (B) ®h(B) = 0.35@0.2=0.55(MIN) 

By comparing the above values the path SB has minimum value, so we proceed to traverse from that path, 
ITERATION: 3 

S—B -C: f(A) =g(C) Ph(C) = (0.35 0.2) 0. 1=0.65 

S—A —B: f(B) =g (B) ®h (B) = (0.10.2) G0.2=0.5(MIN) 

SA ->C: f(C) = g(C) Ph(C)=(0.1 0.45) G0. 1=0.65 

S—A —G: f(G) = g(G) Bh(G) = (0.10.6) B0=0.7 

By comparing the above values the path SA —B has minimum value, so we proceed to traverse from that path, 
ITERATION: 4 

SA —B-C: f(C) = g(C) h(C) = (0. 1G0.20.2) G0.1=0.6(MIN) 

By comparing the paths S-A —B->C and S—B the path S—B is minimum. 

So traverse from that path to reach the goal node. 

ITERATION: 5 

S—B -C-G: f (G) = g(G) ®h(G)=(0.35@0.200.15)G0=0.7 

By comparing the paths SB —C—G and SA —B->C the 

path S>A —B->C is minimum. 

So traverse from that path to reach the goal node. 

ITERATION: 6 

To reach the goal node we can traverse in the two paths, 

SA —B-C-G: f(G)= g(G) Bh(G)=( 0.1G@0.20.2G0.15)0=0.65(MIN) 

SA —C-G: f(G)= g(G) Ph(G)=( 0.10.45G0.15)G0=0.7 

By comparing the paths SA —B->C-—G and SA —C-—G the path S>B -C-—G is minimum 
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Fig.3. Shortest path from source node to goal node. 


The shortest path is given by S>A —B—-C-G. 


5. Conclusion 

A* algorithm is applied to solve the shortest path problem on a network with an interval valued neutrosophic arc 
lengths in this paper. A* algorithm is complete and optimal. A* algorithm is the best one from other techniques. It is 
used to solve very complex problems. A* algorithm is optimally efficient, i.e. there is no other optimal algorithm 
guaranteed to expand fewer nodes than A*.Heuristic values are considered in calculating the path by this method. 
Score function is used for defuzzification. The technique is enlightened by a numerical example with the help of 
theoretical information. The time complexity of A* depends on the heuristic. In the worst case of an unbounded 
search space, the number of nodes expanded is exponential in the depth of the solution (the shortest path) d: O(b%), 
where bis the branching factor. A* can also be adapted to a bidirectional search algorithm.Furthermore, the 
following algorithm of the interval neutrosophic shortest path problem can be extended into an interval valued 


bipolar neutrosophic environment. 
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Abstract 


In this paper a Plithogenic approach to Fuzzy cognitive map has been proposed to analyse the impact of novel 
corona virus.Contradiction degree is an advantageous feature of Plithogenic sets which highly deals with the 
uncertainty and it substantially increases the accuracy of results. In this research, a new approach is proposed to 
accumulate the opinions of experts.Using contradiction degree between opinions of experts and 
plithogenicoperator,the connection matrices obtained from distinct experts are aggregated to improvise a degree of 
uncertainty. An Analysis on covid-19 (causes, spread and precaution) is done based on the proposed methodology. 


Keywords: Fuzzy cognitive maps,Plithogenic sets, Covid-19, Plithogenic operators 
1.Introduction 


The outbreak of the 2019 coronavirus (COVID-19) infections has spread worldwide, causing fever, severe 
respiratory illness and pneumonia. The virus is related to severe acute respiratory syndrome coronavirus (SARS- 
CoV) [27], as compared to MERS-CoV, and SARS-CoV, COVID-19 exhibits faster human transmission, leading to 
the declaration of a world-wide health emergency by world health organisation (WHO) [28]. No specific drugs or 
vaccines are available till date. The Clinical evidences of COVID-19 are characterized by cough, fever, bilateral 
infiltrates on chest imaging. After testing positive, majority of the affected individuals were experiencing moderate 
symptoms, whereas 20% of the affected people show severe respiratory failure and septic shock [29], 
gastrointestinal, lymphopenia, myalgias, and lung abnormalities [30]. The death causing ability of the virus is 
dependent on chronic disorders [29]. The infection has been reported to cause moralities in aged persons [32]. 


Axelrod [1] has initiated the concept of cognitive maps (CM), a directed graph which represents the causal 
relationship between the data in a specific field. In the cognitive maps the concepts and causal relationship are 
represented by the nodes and edges respectively. The edges have the weights representing the intensity of the causal 
relationship among the concepts. Regardless, CMs applicability is restrained as it has the limitation of disability to 
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define the strength of interrelationship between the concepts/factors. To overcome the inadequacy, kosko[2] with the 
zadeh’s concept of fuzzy[3] introduced fuzzy cognitive maps, as an extension of conventional CMs by defining the 
strength by fuzzy numbers. To construct the FCM the experts opinions were obtained based their experience in their 
field and the strength of the causal relationship between the factors can be estimated [4]. Several approaches are 
available for the specification of weights in FCM, in order to overcome the difficulty of assigning a crisp real 
number to express their views with regard to the strength of relationships which are uncertain, linguistic variables 
were preferred [5]. Triangular Fuzzy Numbers (TFNs) were used to represent relationships between the concepts 
instead of fuzzy singletons to get by efficiently with uncertainty and practice of fuzzy numbers will lead to more 
precise and information wealthy FCMs than the conventional FCMs[6] [7][8].FCM modelling has a wide range of 
application in the field of medicine and extensively reviewed in [20]. FCM was developed for medical decision 
support systems[21][22], prediction of probability occurance of stroke[23],for risk management in breast cancer[24], 
to define challenges and articulating solutions in nursing discipline[25] and to study the symptoms of migraine[26]. 


Fuzzy cognitive maps is extended to plithogenic fuzzy cognitive map (PFCM) which integrates the 
contradiction degree to the concepts and the methodology of FCM[9]. Smarandache [10] introduces the concept of 
Plithogenic sets, a generalization of crisp, fuzzy, intuitionistic fuzzy and neutrosophic sets. Plithogenic sets rely on 
the principle of quantification of the qualitative aspects and degree of contradiction is also the distinguishing feature 
of Plithogenic sets.Abdel-Basset integrates the concept of Plithogenic sets in decision making for selecting supply 
chain sustainability metrics[11],evaluation of hospital medical care systems[12] and for evaluating the performance 
of IoT based supply chain[13], Plithogenic MCDM based onTOPSIS —CRITIC model for sustainable supply chain 
risk management[14].In another study, Plithogenic sets used for multi variable data analysis in [32-35].FCM 
depends totally on the expert’s opinion, itlapse due to its uncertainty associate with the responses of each experts 
and contradiction between them. 


This paper proposes a Plithogenic approach to fuzzy cognitive map to reform the drawback. The proposed 
model follows the methodology of FCM, in addition it merges the experts’ opinionby using the Plithogenic 
operators, based on the contradiction degree between them. 


2. Materials and methods 


2.1 Fuzzy cognitive maps 


Fuzzy cognitive maps(FCMS) are well developed computational method which combines the neural networks 
and fuzzy logic. FCMs are the fuzzy directed graphs with nodes representing the factors of the system considered 
and edges represents the causal relationship between the concepts/factors. The edges are characterised by the 
weights w;;, which represents the strength of the causality between the concepts.The values of FCM are fuzzy, so 
the weights are represented in terms of linguistic variables [15]. Fuzzy linguistic scales are then interpreted to the 
fuzzy numbers through the information provided by the experts. A simple example of FCM is depicted in Figure-1. 





Figure 1. Fuzzy Cognitive Map 
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The influence of an individual concept on other concepts of the system is calculated by using the equation (1), 
the inference of FCM. 

A(t + 1) = f(A@) * TrF()) (1) 
where A(t + 1) andA(t) is the strength of the concept C; at step t+1 and t respectively andTrF (M) is a connection 
matrix containing the strengths of the causalty between the concepts. Heref represents the threshold function,for 
activating the successive vector after each pass and to settle down to a fixed point which is the hidden pattern of the 
system for that corresponding state vector [16]. The iteration proceeds until the limit cycle [16] obtained. Though 
there were several threshold functions available,a conventional threshold function is considered. To establish the 
causal influence among the concepts fuzzy inference with IF THEN ruleused is as follows: 

IF C; is ON THEN GC; is A(The influence of C; on C; is A) (2) 


2.2 Triangular Fuzzy number 

A fuzzy number generalises the concept of crisp numbers. For simplicity and accuracythe scales of the 
linguistic variables are interrelated with the Triangular fuzzy numbers, triangular form can easily grasp the 
uncertainty in the human perception with better approximation [18]. 


The fuzzy number A = (a,b,c)is a triangular fuzzy number if its membership function is  pg(x) = 








0 x<a 
= asxx<b 
pas 3) 
b<x<e 
c-b 
0 X2C 


The triangular fuzzy number is graphically represented in Figure 2. 











a 5 Cc 


Figure-2 Triangular fuzzy number with parameters (a,b,c) 
2.3 Plithogenic operator 


Plithogenic set a generalisation of the crisp, fuzzy, intuitionistic fuzzy and neutrosophicsets,is highly 
focused on uncertainty of the information. The two main features of plithogenic sets are its contradiction degree and 
degree of appurtenance. The contradiction degree is defined between the attribute values to the dominant attribute 
value and in fact it is the core elementof plithogenic aggregation operators which increases the accuracy of results. 
This advantage is the motivation for current study which integrates the plithogenic aggregation operator to combine 
the connection matrix obtained from the experts’ opinion.Plithogenic operators are defined as 
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Plithogenic fuzzy set intersection: 
aNpb=(1-c)[ad; b] + cla Vz b] (4) 
Plithogenic fuzzy set union: 
aVp b=(1-c)[aVp b] + c[a Az b] (5) 


where a and b are the degree of appurtenance of the attribute with respect to the expert A and expert B 
respectively, c represents the contradiction degree,a A; band aV; bare the fuzzy t-norms and t-co-norms 
respectively. 


2.4 Defuzzification method 


Defuzzification is the process of converting the fuzzified value to the crisp value and is done by a centroid based 
method[ 19]. 


3. Proposed methodology 


In this paper, a plithogenic approach to a fuzzy cognitive mapis proposed for an analysis on covid-19 which deals 
with the imprecise data. In this work, the opinion obtained from three different experts has been combined by 
plithogenic operators and the analysis is done by fuzzy cognitive maps modelling. Plithogenic set plays an evident 
role in handling imprecise judgements by taking both truth and false degrees of membership [13]. In addition 
plithogenic operator has the advantage of contradiction degree which ensures the more accurate results 
thanpreviously existing models. As far as medical field is concern it is very necessary to get opinion from more than 
one expert to reach the conclusion for any kind of disease. Different experts have different opinions regarding the 
Covid-19 spreading and controlling, Plithogenic set combines all the expertsopinion to analyze the virus Covid-19 
via possibility of spreading and controlling measures. This is entirely a different way of analysing Covid-19 
mathematically using Plithogenic sets. In this aspect,the current study interprets the benefits of Plithogenicoperator 
and fuzzy cognitive map modelling.Since the fuzzy cognitive map’s principle totally rely on the expert’s opinion, 
the authors have considered the contradiction degree for the experts instead of contradiction degree between the 
factors, to improve the results and also to accommodate the efficiency of Plithogenic operator. 


3.1 Determining the factors and construction of FCM for analysis 


Based on the field of system considered, select a panel of expert members to monitor the evaluation process. 
Obtain the concepts/factors of the system from the expert members and construct the FCM by defining the nodes, 
edges and their weights representing the strength of the interrelationship between the concepts. The experts prefer to 
afford their opinion in terms of linguistic variables rather than the crisp values due to uncertainties associated with 
factors of the system considered. Linguistic variables are interpreted to the fuzzy linguistic values from the linguistic 
scales obtained from the expert members. In this study the linguistic values assigns triangular fuzzy numbers for its 
accuracy and simplicity. From the data acquired, connection matrix is constructed for every individual expert’s 
opinion whose entries are in terms of linguistic variables.CM (E,) = (x; pesca connection matrix, where x;; is the 


linguistic expression obtained from the expert(E,)opinion representing influence of concept C; on C;. 
3.2 Plithogenic aggregation of weights 


In the aspect of increasing an accuracy of results, plithogenic operators are utilized to accumulate the opinions 
of experts. This study determines the contradiction degree between the experts instead of attributes [9][12]. Let us 
compute the aggregation matrix of the system by using plithogenic operators (3) rely on contradiction degree 
between experts opinion. M = (y;;), where yj; is strength of the influence between concept C; on C; obtained by 
accumulating the values obtained from all the experts. 
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3.3. Determining the influence of concepts 


Fuzzy cognitive map approach is used for simulation of results. To determine the influence of an individual 
concept on every other concepts of the system, initiate an instantaneous state vector by keeping the corresponding 
concept in ON position. Passing the instantaneous vector on to the connection matrix, a resultant vector is obtained 
and is updated by applying the threshold function. This paper adapts conventional threshold function. The updated 
vector is again passed on to connection matrix and the procedure is repeated until the fixed point attains, a limiting 
cycle of the FCM [16]. 


3.4 Algorithm of the proposed model 


The steps involving in the proposed model are as follows and is pictorially presented in Figure3. 
Step 1: Consider the evaluation system. 
Step2: Form a committee of expert members in the field of a system considered. 


Step3: From the experts’ knowledge, obtain the concepts for the construction of FCM and linguistic expressions 
representing strength of the interrelationship between the concepts. 


Step 4: Form the connection matrices from a data acquired from the experts whose entries are linguistic 
variables. The linguistic variables are then interpreted to a triangular membership values, formed from the linguistic 
scales given by the experts. 


Step 5: The connection matrices are then accumulated to a single matrix using plithogenic operator equation 


(4). 


Step 6: To determine the effect a concept (say(N,)) on other factors of the system, consider the initial state 
vector by kept N, in ON and remaining concepts in OFF state. 


Step 7: The influence of the concepts of the system is calculated by using the equation A(t + 1) = f(A(¢) * 
TrF(M)), the inference of FCM. Threshold the resultant vector to activate the successive vectors. The vector 
updated is passed on to the connection matrix and the process is repeated till fixed point is arrived. 





Establishment of the system 
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Figure-3 Flow Chart of Proposed Methodology 
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4.Application of Plithogenic FCM in Analysis of Covid-19 (causes, spread and precautions) 


The outbreak of covid-19 is considered for the analysis, to test the accuracy of the proposed methodology.This 


work mainlyfocuses on causes, spread and precaution. 


4.1 Factors considered for analysis 


The factors/concepts considered for the analysis was obtained from the experts and is listed below. 


> N1-Symptomatic Covid-19(Symptoms like cold, cough, fever and breathing problems). 
> N2-Asymptomatic Covid-19(No symptoms mentioned in N1). 
> N3-Maintaining social distance, wearing mask and continuous hand wash.(Precaution measure to prevent 


from Covid-19). 


> 
violating N3. 
> NS5- Travelling history(Person travelling from country to country). 
> N6-Possibility of Covid-19. 
> N7-High risk factor for getting Covid-19 








> N8-Prevention measures from Covid-19 


4.2 Results and Discussion 


N4-Chronic disease patients (High blood pressure, diabetes, tuberculosis, cancer patient, elder people) 


For this study three experts were asked to provide their opinion on covid-19 for the analysis, the connection 
matrix is constructed based on the data obtained from the knowledge of experts and their field experiences. The 
cognitive maps drawn from the opinions ofexpertl,expert2 and expert3 are depicted in Figure-3, Figure-4 and 
Figure-5 respectively, theirconnection matrices are presented in equation (5),(6) and(7) respectively. The entries are 
presented in terms of linguistic variables. Using triangular fuzzy numbers the linguistic variables are quantified and 
presented in Table! and is graphically presented in Figure-4. 























Linguistic variable Linguistic value 
Very Low (0,0.2,0.3) 
Low (0.2,0.3,0.4) 
Medium (0.3,0.4,0.5) 
High (0.5,0.6,0.7) 
Very High (0.7,0.8, 1) 











Table-1 Quantified linguistic variables 
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Figure-4 Triangular membership values 
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N, Nz N3 Ny Ng Ne Nz Neg 

N; 7:0 0 0 0 0 H 0 0 

Nz 10 0 0 0 0 4H 0 0 

N3 10 0 0 0 0 VL L FA 
CM(E,)= Na |0 0 0 0 0 H FH O 
Ns |0 0 0 0 0 4H VH O 

Ne |H H VL H H O OO 

N, |0 O L H VH OO 0O O 

Ns ‘0 0 H 0 0 0 0 0 


(6) 


) 
C) 


3 {«) 


Figure-5 Fuzzy Cognitive Map(Expert 1) 


N, Nz Nz Ng Ns No Nz Neo 


Ni ,0 0 0 0 0 VH O O 
No |0 0 0 0 0 M L O 
N3 |0 0 0 0 0 VL VL VH 
CM(E,)=N, |0 0 0 O O VH VH O 
N; |0 0 0 0 0 VH HO 
No |VH M VL VH VH 0 0 0 
N, |0 L VL VH H OO 0 0 
Ng |0 O VH 0 0 0 0 0 
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Low 
Medium 
High 
Very High 
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Very Low 
Low 
Medium 


High 


{~) Very High 


Figure-6 Fuzzy Cognitive Map(Expert 2) 
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@ Very Low 
| @ Low 
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Figure-7 Fuzzy Cognitive Map(Expert 3) 


Meanwhile Expert1’s opinion is more appropriate than other two experts. Thus the contradiction degree of the 
dominant expert with respect to the other experts are considered as d(E,) = 0,d(E,) = ~andd (Es) — = The three 


matrices obtained from experts are accumulated using Plithogenic operator defined in equation (5). The aggregated 
matrix and the corresponding defuzzified matrix is given in Eqn (9) and Eqn (10) respectively. 
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I, I, I, I, Ik I I, iF 
) ) ) ) ) (0.656 0.757 0.933 0 ) 
) ) ) ) ) (0.585. 0.689 0.856) (0.04 0.167 0.24 ) 
; ) ) ) ) ) (0 0.2 03) (0453 0.278 0.378) (0.656 0.757 0.93} 
F ) ) ) ) ) (0.545 0.647 0.767) (0.656 0.757 0.939 ) 
‘ ) ) ) 0 ) (0.656 0.757 0.9.3} (0.686 0.757 0.933 ) 
« (0545 0.647 0.767) (0.585 0.689 0.856) (0 0.2 0.3) — (545 0647 0.767). (0.545 0.647 0.7670.653 ) 0 ) 
1 0 (0.04 0.167 0.24) (0.153 0.278 0.378) (0.656 0.757 0.939 (0.656 0.757 0.93} ) ) 0 
‘ 0 ) (0.656 0.757 0.933 ) ) ) ) ) 
(9) 
N, Ny N; Ny Ns Ne Nz Ng 
Ny 0 0 0 0 0 0.782 0 0 
N2 0 0 0 0 0 0.711 0.149 0 
Ng 0 0 0 0 0 0.17 0.27 0.782 
TrF(M) = Ny 0 0 0 0 0 0.653 0.782 0 (10) 
Ns 0 0 0 0 0 0.782 0.782 0 
No 0.653 0.711 0.17 0.653 0.653 0 0 0 
N, 0 0.149 0.27 0.782 0.782 0 0 0 
Neg 0 0 0.782 0 0 0 0 0 


For instant, considering N3 is ON and the other states remains in an OFF state.N6 in ON state,compute the 
influence of Maintaining social distance, wearing mask and continuous hand wash on all the other factors considered 
and from the simulation results we can obtain the causal strength of the concepts. 

Maintaining social distance, wearing mask and continuous hand wash is in ON state then the initial state vector 
A(O)=(0 0 1 00 0 0 OQ) 
Now 
A(1) = A(0) X TrF(M)=(0 0 0 0 0 0.17 0.27 0.782) 
L(0 01 00 0 0 1)=A(1) (11) 


A(2) =A(1) X TrF(M)=(0 0 0.782 0 0 0.17 0.27 0.782) 
L( 0 1 0 0 0 0 1)=A(2)=A(1). (12) 


The limiting cycle arrives and is observe that influence of state N3 is triggered the state N8, its well known that 
Maintaining social distance, wearing mask and continuous hand wash is also a part of preventive measures and a 
self-discipline to be followed byevery individual. 
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Figure-8 Influence of N3 on other concepts 
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Figure-9 simulation convergence when N3 is ON 


Similarly if N7 High risk factor for getting Covid-19is ON, its influence on others states is evaluated and is 
presented below. 


High risk factor for getting Covid-19 is in ON state then the initial state vector A(0) = 
(0 0000 0 1 O) 


Now 
A(1) = A(O) x TrF(M) = (0 0.149 0.27 0.782 0.782 0 O 0) 
L0 0 0 1 1 0 1 0O)=A(1) (13) 
A(2) = A(Q1) X TrF(M) = (0 0.149 0.27 0.782 0.782 1.435 1.564 0) 
L0 00 14111 0)=A() (14) 
A(3) = A(2) X TrF(M) = (0.653 0.86 0.44 1.435 1.435 1.435 1.564 0) 


L4 101 1 1 1 O)=AG) (15) 
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A(4) = A(3) X TrF(M) = (0.653 0.86 0.44 1.435 1.435 2.928 1.713 0) 
L4 1041111 0)=A(4 =A(3) (16) 


Hence we obtain the limiting cycle with the resultant vector((1 1 0 1 1 1 1 O). The triggering 
pattern isN7 — N4 > N5 > N6>N1 — N2. From the limiting cycle obtained it is easy to predict that the High risk 
factor for getting Covid-19 is influenced from N1, N2, N4, N5 and N6. The evaluated results are well matched with 
current pandemic scenariosince, getting affected to Covid-19 may be symptomatic or asymptomatic and the patients 
with chronic diseases like diabetics, cancer,heart diseases etc., had a major risk of getting affected to this infectious 
disease. In addition, travelling historyis also had a greater influence in covid-19 outbreak. 





Figure-10 Influence of N7 on every concepts 


Varying initial state vector by consequently stimulating each state and executing simulation process, a final 
state is attained after several iterations. Limiting cycle for each state is attained in this proposed methodology whose 
results are well matched with the real time situations. 


as 














Figure-11 simulation convergence when N7 is ON 
5.Comparison analysis 


To show the benefits of the proposed method the comparative analysis is made between contradiction degree 
of the factors and that of the experts. As shown in the previous section the contradiction degree for the experts is 
considered and the connection matrix is combined using Plithogenic operator. To compare the methods , consider 
Maintaining social distance, wearing mask and continuous hand wash is in ON state then the initial state vector 
A(0)=(0 0 10 0 0 0 0) 


A(1) = A(0) x TrF(M) 
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A(2) = A(1) x TrF(M)=A(1) (17) 


The limiting cycle arrives and is observe that influence of state N3 is triggered the state N8, its well-known 
that Maintaining social distance, wearing mask and continuous hand wash is also a part of preventive measures and 
a self-discipline to be followed by every individual. 


In case of contradiction degree between the factors, Maintaining social distance, wearing mask and 
continuous hand wash is in ON state then the initial state vector A(0)=(0 0 1 0 0 0 O O) and 
considering the connection matrix of expert 1, 


A(1) = A(0) x CM(E,) = (1. 0.875 0.75 0.625 0.5 0.606 0.588 0.729) 

L4 01 0 00 0 0)=A(1) (18) 
A(2) = A(1) x CM(E,) = (1 0.875 0.75 0.625 0.5 0.606 0.588 0.729) 

L440 1 00 0 0 0)=A(2) =A(1) (19) 


Limiting cycle is attained and is observed that when the N3 is ON it triggers the state N1, which is not 
matched with the real time situation rather the proposed methodology is concurred with the real time situation and in 
addition in the proposed method the opinions can be obtained from more than one expert. 


6.Conclusion 


The research work proposes a plithogenic approach to fuzzy cognitive map. The interpretation of contradiction 
degree to a plithogenic operator is used to accumulate the expert’s opinion. The accumulated connection matrix is 
then utilized for the simulation which is based on fuzzy cognitive map.In order to assess the accuracy, the proposed 
model isutilised for the analysis of current pandemic situation, a covid-19 outbreak. The factors influencing the 
considered system and linguistic scales representing a strength between them was obtained from three distinct expert 
members and the simulation was done by using proposed methodology to increase the accuracy of results. The 
results are well matched with real time situations. This work can be further extended to Plithogenic approach to 
Neutrosophic Cognitive Map in the future. 
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Abstract 


In most realistic situations, the theory and method of multi-attribute decision-making have been widely used 
in different fields, such as engineering, economy, management, military, and others. Although many studies in 
some extended fuzzy contexts have been explored with multi-attribute decision-making, it is widely recognized 
that single-valued neutrosophic sets can describe incomplete, indeterminate and inconsistent information more 
easier. In this paper, aiming at addressing multi-attribute decision-making problems with single-valued 
neutrosophic information, related models and multi-attribute decision-making approaches based on the fuzzy graph 
theory are studied. In specific, the notion of single-valued neutrosophic sets and graphs is firstly introduced 
together with several common operational laws. Then a multi-attribute decision making method based on single- 
valued neutrosophic graphs is established. Finally, an illustrative example and a comparative analysis are 
conducted to verify the feasibility and efficiency of the proposed method. 


Keywords: single-valued neutrosophic sets; multi-attribute decision-making; fuzzy graph theory; single-valued 
neutrosophic graphs 


1.Introduction 


As an important part of modern decision-making sciences, multi-attribute decision-making aims to make 
decision analysis of a limited number of options from the perspective of multiple attributes, and then choose an 
optimal choice of alternatives by means of information integration rules. Its theories and methods have been widely 
used in many areas, and it has effectively promoted the development of social economy [1]. Due to the limitation of 
decision makers’ cognitive limitations and the increasing complexity of decision-making problems, it is difficult for 
decision makers to process decision-making information accurately. Since Zadeh put forward the fuzzy set theory 
[2], fuzzy multi-attribute decision-making has become an important research direction. With the progress of fuzzy 
sets, a variety of generalized fuzzy sets have been proposed. Among them, Atanassov’s intuitionistic fuzzy sets [3] 
are more flexible and practical than traditional fuzzy sets in addressing uncertainties. Further, Smarandache [4] 
proposed the concept of neutrosophic sets. A neutrosophic set contains three types of membership functions (truth 
ones, indeterminacy ones and falsity ones). Afterwards, single-valued neutrosophic sets were introduced by 
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Smarandache [4-5] and Wang et al. [6], which can be seen as a generalized form of intuitionistic fuzzy sets and have 
numerous applications in real-life applications. At present, single-valued neutrosophic multi-attribute problems have 
been widely studied by scholars and practitioners [7-9]. 


Rosenfeld [10] proposed the notion of fuzzy graphs. Later on, Mordeson and Peng [11] provided several 
common operations of fuzzy graphs. Ye [12] gave the idea of single-valued neutrosophic minimum spanning trees 
and introduced a corresponding clustering method. Yang et al. [13] elaborated single-valued neutrosophic relations. 
Dhavaseelan et al. [14] defined strong neutrosophic graphs. Akram and Shahzadi [15] introduced the notion of 
neutrosophic soft graphs in 2016. Recently, Akram and Shahzadi [16] studied properties of single-valued 
neutrosophic graphs by level graphs. They also developed some operations according to presented novel notions in 
Broumi et al. [17] and Shah-Hussain [18]. Akram and Sitara [19] studied single-valued neutrosophic graph 
structures for decision-making issues. By taking advantages of diverse neutrosophic graphs, Broumi et al. [20] 
explored panning tree problems with neutrosophic edge weights. Then Broumi et al. [21] further studied a shortest 
path problem by virtue of the Bellman algorithm in the neutrosophic context, which can lay a solid foundation on 
the neutrosophic graph theory. Moreover, Karaaslan and Davvaz [22] discussed several novel notions of single- 
valued neutrosophic graphs along with an application in decision-making. Karaaslan [23] explored a new Gaussian 
single-valued neutrosophic numbers and then presented corresponding applications in multi-attribute decision- 
making. 


In this paper, the concept, operators and score functions of single-valued neutrosophic sets and graphs are 
firstly reviewed, which are referred to single-valued neutrosophic graph structures. Then a multi-attribute decision 


rule by means of single-valued neutrosophic graphs is proposed. Finally, an illustrative example and a comparative 
analysis are conducted to verify the feasibility and efficiency of the proposed method. 


2. Basic knowledge 


2.1 Single-valued neutrosophic sets 


Definition 1 [4] Let X be a universe of discourse. A single-valued neutrosophic set A on X is characterized by a 


truth-membership function T, (x) , an indeterminacy-membership function J, (x) , and a falsity-membership 


function F’, (x). Then a single-valued neutrosophic set A on X is provided by: 
A 


A={x(T, (x),L, (x).F, (x))|x eX}, 


where 7, (iG (x), F, (x) — int[0,1] for all x eX to the set A, then the following condition is true: 
O<T,(x)+J , (x)+F iF (x) <3 In addition, all single-valued neutrosophic sets on X are denoted by 
S VN(X ) 


Definition 2 [5] Let X be the universe of discourse. VA,BeS VN(X ) , then the following operations are 


defined as follows: 
1. A@B={(x,7,(x) +7, (x)—T, (x) Tp (x),L4(x) Lo (x), F(x) Fa(x))}; 


2. A@B={(x,T,(x)T,(x).14() +15 (x)- L(x) 15 (2), 
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6 B= (28 Lalx)=Fa(s) Fel Fle) 
1 


1A ={(x,F,(x).1-1,(x).Ta(x)}}s 
8 ANB ={( x0, (x) ATy(x)aL4()¥ Lo ()oFu(2)Y Fo(2))}s 
9. AUB={(x,T,() To (x) aL (8) Lo (x) Ful) 4 Fo(2))}- 


Definition 3 [6] Suppose x = (T JF ) is a single-valued neutrosophic number. A score function with regard to x 


is provided as the following mathematical expression: 
s(x)=T+1-I+1-F. 


2.2 Single-valued neutrosophic graphs 


Definition 4 [19] Suppose Vis a finite universe of discourse. A single-valued neutrosophic graph G is defined as 
the following form: 


G=(C,D), 


where C is a single-valued neutrosophic set on V_ with T..1,,F.:V —int[0,1] , D is a single-valued 


neutrosophic set on V xV with T.,1.,FoiV XV — int] 0, I]. For any @, and @,,, the followings are true: 
fie (a,a,) < min (T, Cae (a, )). 


ig (a,a,)< max (I (Cape (a, Ve 
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ES (a,a,)< max ( F, (a) ahs (a,)). 


Then G=(CD) is a single-valued neutrosophic graph of G =(V,E). In specific, C is single-valued 


neutrosophic vertices on G , and D is single-valued neutrosophic edges on G.. 
3. Multi-attribute decision making based on single-valued neutrosophic graphs 


In this section, for single-valued neutrosophic multi-attribute decision making problems with correlations and 
priorities among attributes, a multi-attribute decision making approach based on single-valued neutrosophic graphs 
is established. Firstly, the basic model of the problem is described. After that, a single-valued neutrosophic multi- 
attribute decision making algorithm with correlations and priorities is given. 


3.1. The model building 
In the problem of single-valued neutrosophic multi-attribute decision making with correlations and priorities among 
attributes at the same time, let a set of alternatives be O= {O15%>° : Gn} , a set of attributes be 


T : 
V ={a,a,,---,4 \ , and a set of attribute weights be W =(w,,w,,---,, ) that satisfies Ww; e[0,1] and 


n 


n 

>, =1. In addition, there is a linear priority relationship d, >, >-+:>@, among all attributes, where 
j=l 

a, >a, refers to dG, is more important than @,. Then, a decision maker can evaluate an alternative 
d (k =1,2,---, m) by using the attribute @; (j =1,2,-- -,n) , and the evaluation result is given in the form of 
single-valued neutrosophic numbers, thus a single-valued neutrosophic decision making matrix D = (d ey is 


mxn 


formed. In order to solve the above-stated problem by means of advantages of single-valued neutrosophic graphs, let 
C be a single-valued neutrosophic set on V with 7.,10,F0:V — int 0, I , and D be a single-valued 


neutrosophic set on V xV with 7,,1,,/,:V — int]0, 1 . For any d, and @,, the followings are true: 
Ty (a,a,) < min(T. (a)eTe (a, )). 


Fr. (a,a,)<max(J.(4,), 1c (a,)). 


thus a single-valued neutrosophic graph G=(C,D) of graph G =(V, E ) is built. At last, after integrating 
several single-valued neutrosophic information under multiple attributes, overall attribute values that correspond to 


alternatives q,,q,,°°*,@,, are analyzed and an optimal alternative is selected. On the whole, the above multi- 


attribute decision making process includes representations, constructions, analysis and other stages of decision 
making information. 


3.2 The model algorithm 


DOI: 10.5281/zenodo.4129304 79 


International Journal of Neutrosophic Science (INS) Vol. 11, No. 2, PP. 76-86, 2020 





In what follows, a single-valued neutrosophic multi-attribute decision making algorithm with correlations and 
priority relationships is given. The core of this algorithm lies in handling the relevance and priority relationships 
among attributes effectively. 


Stage 1: In terms of dealing with correlations among attributes, an energy coefficient in the background of 
single-valued neutrosophic sets is developed for solving the degree of interactions among attributes. For two related 


attributes @, and a, (i, J =1,2,---,7) , the energy coefficient of single-valued neutrosophic information is 


expressed as follows: 


O28) Da Do sD, PY, 


aeTp(aja;) nelp(a,a;) BEF p(aja;) 


it is easy to see if 7=/, then QD; =P; is true. At this time, the energy coefficient of the single-valued 
neutrosophic information reaches the maximum value (L 0, 0) ; if all attributes are independent of each other, the 
energy coefficient of single-valued neutrosophic information reaches the minimum value (0,0,1) at this time. In 


most cases, the single-valued neutrosophic information energy coefficient is presented between (0,0,1) and 


(1,0,0). 


Stage 2: In terms of solving the priority relationship, to obtain attribute weights objectively, a concept of 
eccentricities is developed in the background of single-valued neutrosophic graphs, and the idea of linear priority 
relations among attributes is integrated. At first, the eccentricity of every single-valued neutrosophic vertices is 


calculated correspondingly. Suppose G={C, D) is a single-valued neutrosophic graph of GC =e E), and 


there are n+l] single-valued neutrosophic vertices U=d),d,,°'*,4, 4,4, =V . Then, the single-valued 


neutrosophic eccentricity for every attribute of V is e(a Hl = (max F, (aa ij ) smnin{ 1-1 i (aa j ) ,min|T, (aa, )) 


xeV xV xV 


( J=i1,2,-> .n); If there is a liner priority relationship among attributes @, > d@, >-+:>d,,, then the attribute 
j 

weight W, can be derived from the above single-valued neutrosophic eccentricity, thus w, =[1S,, can be 
k=l 


obtained, where S a e(a e when j #0 and S j =r 0, 0) when j =0. Therefore, when all attribute weights 
are completely unknown, attribute weights can be obtained by using the priority relationship between attributes. 
At last, based on the above idea of coping with correlations and priority relationships among attributes, a 


single-valued neutrosophic multi-attribute decision making algorithm is eventually established that is shown as 
follows. 


Input A single-valued neutrosophic decision making matrix D = (d a , the linear priority relationship 


among attributes @, >a, >--->a,, and a single-valued neutrosophic graph G=(C,D) that describes the 
g 1 2 n g 


correlation among attributes. 


Output The best alternative. 
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Step 1 Calculate the energy coefficient @, of single-valued neutrosophic information between two related 


attributes @; and a,. 


Step 2 Calculate the attribute weight W, by using the priority relationship among attributes. 


Step 3 Calculate the overall attribute value g! = > Ww, [s d 0. | of an alternative ¢, (k =1,2,---, m) : 


j=l x=l 


Step 4 Calculate the score function s (4 ) that corresponds to the overall attribute value of an alternative q, . 


Step 5 Determine the best alternative g° = max {s (4 )} . 
k=l 


4. An illustrative example 


This section intends to present detailed processes of addressing a single-valued neutrosophic multi-attribute 
decision making problem by utilizing the case study from Literature [24], then a comparative analysis is arranged to 
demonstrate the effectiveness of the proposed single-valued neutrosophic multi-attribute decision making algorithm. 


4.1 Case descriptions 


Indian government had been issued a global tender to select the contractor for these projects in the newspaper 


and considered five attributes required, i.e., Technology Expertise (a, ), Service quality (a, ), Bandwidth (a, ), 
Internet speed (ae) and Customer Services (a;) , and the importance of attributes is set by 


We {w,, W 5 W35 W45 Ws} . In addition, suppose there is a priority relationship @, > d, > a, > a, > a; among 


these five attributes, that is, the person responsible for business gives the highest priority to technology expertise, 
then other four attributes are concerned by the same individual in succession. The five contractors (i.e., alternatives) 


namely, “Jaihind Road Builders private (Pvt.) limited (Ltd.) ae)’, “J.K. Construction” (42) , “Build quick 


Infrastructure Pvt. Ltd.” »Relcon Infra projects Ltd.” , and“ Tata Infrastructure Ltd.” bid for these 
q3 pro} 4 Ys 


projects. In order to reasonably describe the incompleteness in the above-stated MADM problem, a single-valued 


neutrosophic decision making matrix D =(d hi ); é is presented in Table 1. Afterwards, a single-valued 


neutrosophic graph G = (C ,D) of G = (V,E ) is established to describe correlations between attributes, where 
E= {4,4),4,45, 0,44, As,4,;,A,A4,A,d;,4,4,,4,4;,a,4;} , and the established single-valued neutrosophic 
graph is presented in the following Figure 1. In light of the above expressions, the proposed single-valued 
neutrosophic multi-attribute decision making algorithm by virtue of single-valued neutrosophic graphs will be used 
to obtain the best contractor for Indian government. 


4.2 Processes of single-valued neutrosophic multi-attribute decision making 


According to the proposed single-valued neutrosophic multi-attribute decision making algorithm, the energy 
coefficient of the single-valued neutrosophic information between attributes is firstly calculated as follows. 
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ae| Dy MOE ES, 1, #)(06000.016, 
aeTp(4,a;) ) 


Similarity, it is not difficult to get 


Q3 = (0.04,0.25,0.36), g4 =(0.09,0.16,0.36), g; = (0.09, 0.25, 0.16), 
Pz; = (0.04,0.25,0.25), @,, = (0.09, 0.16, 0.36), g,; = (0.09, 0.25, 0.16), 
Pq = (0.04,0.25,0.16), ys = (0.04, 0.25,0.36), 4; = (0.09, 0.25, 0.36). 


Table 1. The single-valued neutrosophic decision making matrix 











a, a, a, a, as 
4 (0.5,0.3,0.4)  (0.5,0.2,0.3) — (0.2,0.2,0.6) — (0.3,0.2,0.4) (0.3, 0.3, 0.4) 
q, (0.7,0.1,0.3)  (0.6,0.2,0.3) — (0.6,0.3,0.2)  (0.6,0.4,0.2) — (0.7,0.1,0.2) 
4 (0.5,0.3,0.4)  (0.6,0.2,0.4)  (0.6,0.1,0.2) — (0.5,0.1,0.3) (0.6, 0.4, 0.3) 
4 (0.7,0.3,0.2)  (0.7,0.2,0.2)  (0.4,0.5,0.2) — (0.5,0.2,0.2) — (0.4,0.5,0.4) 
4 (0.4,0.1,0.3)  (0.5,0.1,0.2)  (0.4,0.1,0.5) —(0.4,0.3,0.6) (0.3, 0.2,0.4) 
(0.4,0.3,0.4) : | _ (0.2,05,06) 
(03,0.4,0.)/  \(0.3,0.5,04) 
es re | fa 
a f02,05,05) (02,0504) “7 / 
(0.3,0.4,0.6) \ co oe / (0.2,0.5,0.6) 
; / |  . mk \ 
ay, (03,0506)  2/ 


Figure 1: The single-valued neutrosophic graph for describing correlations between attributes 


Then, attribute weights by virtue of the linear priority relationship ad, > @, > A, > A, > @, are calculated, 
and the following single-valued neutrosophic eccentricities for every attributes are obtained. 
e(a,) =(0.6,0.5,0.2), e(a,) =(0.6,0.5,0.2), e(a;) =(0.6,0.5,0.2), e(a,) =(0.6,0.5,0.2), 
e(a;) =(0.6,0.5,0.2). 
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In light of the above results, S, = (1,0, 0) is further obtained. In a similar manner, S, = (0.6,0.5,0.2) , 
S, =(0.6,0.5,0.2), S, =(0.6,0.5,0.2), S, =(0.6,0.5,0.2), and S; =(0.6,0.5,0.2). Hence, by virtue of 


j 
w, =[TS,,. where Ss; =e(a,) when 7 #0 and S; = (1,0,0) when 7 =0, the attribute weight can be 


obtained via the above results (e(a Ff is obtained in the above process): W, =(1, 0,0), W, = (0.6,0.5,0.2), 
w, = (0.36,0.75,0.36), w, =(0.216,0.875, 0.488), w; =(0.1296,0.9375, 0.5904) . 


Afterwards, the following overall attribute values are calculated. 


g, =w,® 
w, @ 


d), @Y, Ody, @Py, Od, @Py, Ody, @ Oy, Od, @Q,,) ® 
d), ®Q. Bd, @Py, Ody, @Py Ody, @ Py Ody; @ Pu) ® 

Wy ® (dy, @ Py ® diy @ yy @ dy, @ Py, O dj, ®@ Py OB d,s @ Yu) ® 

Wy ®(d, @ Py Ody, @Py, Od), @ Py Ody, @ Py, dy; @ Yq) ® 
W; ®(d,, ®Y, Pd,, ®Qy5 Ody, @Pys Ody, ®Y,; Bd, ® 55) = (0.7741, 0.0017,0.001). 


Similarly, it is not difficult to get 


q, = (0.9266, 0.0007, 0.0002) , g, = (0.8539, 0.001 1,0.0005) , 
q, = (0.9102, 0.0033, 0.0002), g, = (0.7587, 0.0003, 0.0007). 


At last, the score function (5! Jean be calculated as (4 ) = 2.7714, s(4) = 2 9057; s(G) = 2.8523, 


s(G1) =2.9067 , s(G) =2.7577. According to the order of s(@) from large to small, the ranking of 


emerging technology enterprise is obtained as G, > G, > G3 > G, > qs, So the best contractor is q,. 
4.3 Comparative analysis 


For the sake of presenting validity and effectiveness of the constructed single-valued neutrosophic multi- 
attribute decision making algorithm, a comparative analysis is studied by using single-valued neutrosophic multi- 
attribute decision making approaches proposed in Literature [24], both specific calculation processes and 
discussions are presented below. 


According to the method of logarithmic single-valued neutrosophic weighted average (L-SVNWA) operators 
and logarithmic single-valued neutrosophic weighted geometric (L-SVNWG) operators, a comparison analysis by 
using them in the above presented case study will be made. Suppose a single-valued neutrosophic making decision 


matrix is D= (d,,) (k =1,2,+++,m, 7 =1,2,-° -,n), then the following L-SVNWA operators and L-SVNWG 


operators are presented. 


(1) The L-SVNWA operator is provided as follows: 
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@} = L—SVNWA( Gy, 5425-54 | 
= ( II (log, ay yes I I(log,, (1 Thy ii II (log,, (1 oe )y \ 
(2) The L-SVNWG operator is provided as follows: 


bt = L- SVNWA(Gy 25°] 
- (fi{tog, « ay) s1- (log, (1 -y)) 1-TI (log, (-A,))"). 


j=l j=l j=l 


Compared with previous comparative analysis, the single-valued neutrosophic numbers of each contractor 
under corresponding attributes are integrated and the score of single-valued neutrosophic numbers after integrations 
is obtained. The contractor with larger score value is the best candidate for J.K. construction. By using L-SVNWA, 


the ranking of contractors is Gd, > G, > G3 > Ys > q,, which is not completely consistent with the results obtained 
by using the method proposed in this paper. It is easy to see that there are differences in the ranking between q, and 
q,. However, the above ranking results do not affect the selection of the best contractor, the best contractor is still 


the contractor q,. By using L-SVNWG, the ranking of contractors is , > G4 > 4, > q, > qs, the results by using 


the method proposed in this paper are consistent. 


Compared with the decision results obtained from the method proposed in Literature [20], the advantages of the 
constructed single-valued neutrosophic multi-attribute decision making algorithm are mainly reflected as follows: 


(1) The constructed single-valued neutrosophic multi-attribute decision making algorithm utilizes the 
framework of fuzzy graphs to address multi-attribute decision making, which makes single-valued neutrosophic 
graphs excel in expressing correlations between attributes via edges between vertices in single-valued neutrosophic 
information systems, thus the addressing of correlational single-valued neutrosophic multi-attribute decision making 
becomes more efficient. 


(2) In light of the proposed theoretical aspects of single-valued neutrosophic graphs, the constructed single- 
valued neutrosophic single-valued neutrosophic algorithm provides a two-stage problem solving approach by 
integrating the strategies with correlations and prioritization relationships at the same time, which is beneficial for 
completing a complicated multi-attribute decision making with high qualities. 


5. Conclusions 


In real world, single-valued neutrosophic sets have many advantages in dealing with uncertainties compared to 
fuzzy sets and intuitionistic fuzzy sets, it is easy to see that single-valued neutrosophic sets play important part in 
information depictions in single-valued neutrosophic, thus it is necessary to establish efficient information analysis 
tools for single-valued neutrosophic in single-valued neutrosophic information systems. In this paper, the concept 
and operation rules of single-value neutrosophic sets and graphs are firstly introduced. Then a single-valued 
neutrosophic algorithm is proposed based on single-valued neutrosophic graphs. Finally, a practical case study and a 
corresponding comparative analysis are conducted to show the applicability and effectiveness of the presented 
single-valued neutrosophic single-valued neutrosophic algorithm. 
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In terms of future works, it is noted that there still exist some interesting topics that are worth exploring. First, 
discussing more theoretical issues for single-valued neutrosophic graphs is necessary, such as hypergraph structures 
and vague hypergraph structures [25]. Second, it is meaningful to further extend single-valued neutrosophic graphs 
to more realistic decision making contexts, such as incomplete information systems, hybrid information systems, 
dynamic information systems, etc [26-28]. 
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Abstract 


NeutroRings are alternatives to the classical rings and they are of different types. NeutroRings in some cases 
exhibit different algebraic properties, and in some cases they exhibit algebraic properties similar to the clas- 
sical rings. The objective of this paper is to revisit the concept of NeutroRings and study finite and infinite 
NeutroRings of type-NR[8,9]. In NeutroRings of type-NR[8,9], the left and right distributive axioms are tak- 
ing to be either partially true or partially false for some elements; while all other classical laws and axioms are 
taking to be totally true for all the elements. Several examples and properties of NeutroRings of type-NR[8,9] 
are presented. NeutroSubrings, Neutroldeals, NeutroQuotientRings and NeutroRingHomomorphisms of the 
NeutroRings of type-NR[8,9] are studied with several interesting examples and their basic properties are pre- 
sented. It is shown that in NeutroRings of type-NR[8,9], the fundamental theorem of homomorphisms of the 
classical rings holds. 

Keywords: NeutroRing, AntiRing, NeutroSubring, NeutroIdeal, NeutroQuotientRing, NeutroRingHomomor- 
phism. 


1 Introduction and Preliminaries 


In the classical rings (R,+,.), addition and multiplication closure laws are 100% true for all the elements 
of R. Also, associative and distributive axioms over R are 100% true for all the elements of R. There 
are no provisions in the classical ring F to have addition and multiplication laws to be either partially true or 
partially indeterminate or partially false for the elements of FR. Also, there are no provisions for associative and 
distributive axioms over F to be either partially true or partially indeterminate or partially false for the elements 
of R. Lack of these provisions in the classical rings posses problems because such rings cannot be used to 
model the real life situations accurately. These problems were addressed by Smarandache in (C0) by introducing 
the concepts of NeutroAlgebraicStructures and AntiAlgebraicStructures. Smarandache further studied these 
new concepts in 1) and [©] respectively. With these new concepts, a lot of research activities have begun with 
some papers already published. For instance in (Ch, Rezaei and Smarandache studied Neutro-BE-algebras and 
Anti-BE-algebras and they showed that any classical algebra S with n operations (laws and axioms) where n > 
1 will have (2” —1) NeutroAlgebras and (3"—2”) AntiAlgebras. In Fl], Agboola et al. studied NeutroAlgebras 
and AntiAlgebras viz-a-viz the classical number systems, in Fh, Agboola studied NeutroGroups and in eh, he 
studied NeutroRings. Also in (2h, Agboola revisited NeutroGroups and in Oy, he studied AntiGroups. In the 
present paper, the concept of NeutroRings introduced in (By is revisited. It is shown that there are 511 types of 
NeutroRings and 19171 types of AntiRings. In particular, finite and infinite NeutroRings of type-NR[8,9] are 
studied. In NeutroRings of type-NR[8,9], the left and right distributive axioms are taking to be either partially 
true or partially false for some elements; while all other classical laws and axioms are taking to be totally 
true for all the elements. Several examples and properties of NeutroRings of type-NR[8,9] are presented. 
NeutroSubrings, NeutroIdeals, NeutroQuotientRings and NeutroRingHomomorphisms of the NeutroRings of 
type-NR[8,9] are studied with several interesting examples and their basic properties are presented. It is shown 
that in NeutroRings of type-NR[8,9], the fundamental theorem of homomorphisms of the classical rings holds. 


Definition 1.1. (8) 


(i) A classical operation is an operation well defined for all the set’s elements. 
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(ii) A NeutroOperation is an operation partially well defined, partially indeterminate, and partially outer 
defined on the given set. 


(iii) An AntiOperation is an operation that is outer defined for all set’s elements. 


(iv) A classical law/axiom defined on a nonempty set is a law/axiom that is totally true (i.e. true for all set’s 
elements). 


(v) A NeutroLaw/NeutroAxiom (or Neutrosophic Law/Neutrosophic Axiom) defined on a nonempty set is a 
law/axiom that is true for some set’s elements [degree of truth (T)], indeterminate for other set’s elements 
[degree of indeterminacy (I)], or false for the other set’s elements [degree of falsehood (F)], where 
T,1I,F € [0,1], with (7,7, F) A (1, 0,0) that represents the classical axiom, and (T, J, F’) 4 (0,0, 1) 
that represents the AntiAxiom. 


(vi) An AntiLaw/AntiAxiom defined on a nonempty set is a law/axiom that is false for all set’s elements. 


(vii) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom (axiom that 
is true for some elements, indeterminate for other elements, and false for other elements). 


(viii) An AntiAlgebra is an algebra endowed with at least one AntiOperation or at least one AntiAxiom. 


Theorem 1.2. a Let U be a nonempty finite or infinite universe of discourse and let S' be a finite or infinite 
subset of U. If n classical operations (laws and axioms) are defined on S where n > 1, then there will be 
(2” — 1) NeutroAlgebras and (3" — 2”) AntiAlgebras. 


2 NeutroRings Revisited 


Definition 2.1. [Classical ring] | 

Let R be a nonempty set and let +,. : Rx R — Rbe binary operations of the usual addition and multiplication 
respectively defined on R. The triple (R, +, .) is called a classical ring if the following conditions (R1 — R9) 
hold: 


(Rl) «+ye RVz,y € R [closure law of addition]. 





(R2) a+ (y+z2) =(a+y)4+2Vz2,y,z € R [axiom of associativity]. 
(R3) There exists e € R such thatz +e =e+2=-2 V2 € R [axiom of existence of neutral element]. 


(R4) There exists —x € R such that ¢ + (—x) = (—a%) +a” = e Vax € G [axiom of existence of inverse 
element] 


(R5) ¢+y=y+2Vza,y © R [axiom of commutativity]. 

(R6) z.y € RVz,y € R [closure law of multiplication]. 

(R7) x.(y.z) = (a.y).z Vx, y, z © R [axiom of associativity]. 

(R8) x.(y + z) = (ay) + (x.z) Va, y, z © R [axiom of left distributivity]. 





(R9) (y+ z).2 = (y.x) + (2.x) Va, y, 2 € R [axiom of right distributivity]. 
If in addition we have, 
(R10) x.y = y.2 Vz,y © R [axiom of commutativity], 
then (R, +, .) is called a commutative ring. 
Definition 2.2. [NeutroSophication of the laws and axioms of the classical ring] 


(NR1) There exist at least three duplets (x, y), (u,v), (p,q) € R such that « + y € R (degree of truth T) and 
[w+ = outer-defined/indeterminate (degree of indeterminacy I) or p+ q ¢ R] (degree of falsehood F) 
[NeutroClosure law of addition]. 





(NR2) There exist at least three triplets (a, y, z), (p,¢,7), (u,v, w) € R such that x + (y+z) =(a@+y)+2 
(degree of truth T) and [[p + (q¢ + r)]or[(p + ¢) +r] = outer-defined/indeterminate (degree of inde- 
terminacy I) or u+ (vu + w) 4 (u+v) + w] (degree of falsehood F) [NeutroAxiom of associativity 
(NeutroAssociativity)]. 
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(NR3) There exists an element e € R such that x+e = x+e = x and [[x+e]or[e+a] = outer-defined/indeterminate 
orx+eA#2 4e+42|] for at least one x € R [NeutroAxiom of existence of neutral element (Neu- 
troNeutralElement)]. 


(NR4) There exists —x € Rsuch that x+(—x) = (—x)+a = eand [[—x+a]or|z+(—2)] = outer-defined/indeterminate 
or —x+a4e4#2+(—2)] for at least one x € R [NeutroAxiom of existence of inverse element (Neu- 
troInverseElement)]. 


(NRS5) There exist at least three duplets (x, y), (u,v), (p,q) € Rsuch that x+y = y+ and [[p+ qjor[q+p] = 
outer-defined/indeterminate (degree of indeterminacy I) or u+ uv 4 v + u] (degree of falsehood F) 
[NeutroAxiom of commutativity (NeutroCommutativity)]. 


(NR6) There exist at least three duplets (x, y), (p,q), (u,v) € R such that x.y € R (degree of truth T) and 
[u.v = outer-defined/indeterminate (degree of indeterminacy I) or p.g ¢ R] (degree of falsehood F) 
NeutroClosure law of multiplication]. 


(NR7) There exist at least three triplets (x, y, z),(p,¢,1"), (u,v,w) € R such that x.(y.z) = (w.y).z (de- 
gree of truth T) and [[p.(q.r)]or[(p.q¢).r] = outer-defined/indeterminate (degree of indeterminacy I) or 
u.(v.w) # (u.v).w] (degree of falsehood F) [NeutroAxiom of associativity (NeutroAssociativity)]. 


(NR8) There exist at least three triplets (x, y, z), (p,¢,1), (u,v, w) € R such that x.(y + z) = (x.y) + (a.z) 
(degree of truth T) and [[p.(¢ + r)]or[(p.¢) + (p.r)] = outer-defined/indeterminate (degree of indeter- 
minacy I) or u.(v + w) & (u.v) + (u.w)] (degree of falsehood F) [NeutroAxiom of left distributivity 
(NeutroLeftDistributivity)]. 


(NR9) There exist at least three triplets (x, y, z), (p,¢,1), (u,v, w) € R such that (y + z).a = (y.x) + (z.2) 
(degree of truth T) and [[(v + w).uJor[(v.u) + (w.u)] = outer-defined/indeterminate (degree of indeter- 
minacy I) or (v + w).u & (v.u) + (w.u)] (degree of falsehood F) [NeutroAxiom of right distributivity 
(NeutroRightDistributivity)]. 


(NR10) There exist at least three duplets (x,y), (p,q), (u,v) € R such that x.y = y.a (degree of truth T) 
and [[p.g]or[g.p] = outer-defined/indeterminate (degree of indeterminacy I) or u.v 4 v.u] (degree of 
falsehood F) [NeutroAxiom of commutativity (NeutroCommutativity)]. 


Definition 2.3. [AntiSophication of the law and axioms of the classical ring] 
(AR1) For all the duplets (x, y) € R, x + y ¢ R [AntiClosure law of addition]. 


(AR2) For all the triplets (x,y,z) € R, w+ (y+ z) 4 (w@t+ y) + z [AntiAxiom of associativity (AntiAssocia- 
tivity)]. 


(AR3) There doest not exist an element e € R such thatz+e=x+e=2Vzx € R [AntiAxiom of existence 
of neutral element (AntiNeutralElement)]. 


(AR4) There does not exist —x € R such that x + (—x) = (—x) + « =e Va € R [AntiAxiom of existence of 
inverse element (AntiInverseElement)]. 


(ARS) For all the duplets (x,y) € R,x« +y 4 y+ ax [AntiAxiom of commutativity (AntiCommutativity)]. 
(AR6) For all the duplets (x, y) € R, x.y ¢ R [AntiClosure law of multiplication]. 


(AR7) For all the triplets (x, y, z) € R, x.(y.z) 4 (x-y).z [AntiAxiom of associativity (AntiAssociativity)]. 
(AR8) For all the triplets (x,y,z) € R, uv.(y +z) £ (x.y) + (a.z) [AntiAxiom of left distributivity (AntiLeft- 
Distributivity)]. 





(AR9) For all the triplets (x,y,z) € R, (y+ z).a & (y.x) + (z.x) [AntiAxiom of right distributivity (An- 
tiRightDistributivity)]. 


(AR10) For all the duplets (x,y) € R, x.y 4 y.x [AntiAxiom of commutativity (AntiCommutativity)]. 


Definition 2.4. [NeutroRing] 
A NeutroRing NR is an alternative to the classical ring R that has at least one NeutroLaw or at least one of 
{NR1, NR2,NR3, NR4, NR5, NR6, NR7, N R8, N R9} with no AntiLaw or AntiAxiom. 


Doi :10.5281/zenodo.4135100 89 


International Journal of Neutrosophic Science (IJNS) Vol. 11, No. 2, PP. 87-99, 2020 





Definition 2.5. [AntiRing] 
An AntiRing AR is an alternative to the classical ring R that has at least one AntiLaw or at least one of 
{AR1, AR2, AR3, AR4, AR5, AR6, AR7, AR8, AR9}. 


Definition 2.6. [NeutroCommutativeRing] 

A NeutroNoncommutativeRing NR is an alternative to the classical noncommutative ring FR that has at least 
one NeutroLaw or at least one of {NR1, NR2, NR3, NR4, NR5, NR6, NR7, NR8, N R9} and N R10 with 
no AntiLaw or AntiAxiom. 


Definition 2.7. [AntiCommutativeRing] 
An AntiCommutativeRing AR is an alternative to the classical commutative ring R that has at least one Anti- 
Law or at least one of {AR1, AR2, AR3, AR4, AR5, ARG, AR7, AR8, AR9} and AR10. 


Proposition 2.8. Let (R, +, .) be a finite or infinite classical ring. Then: 
(i) There are 511 types of NeutroRings. 
(ii) There are 19171 types of AntiRings. 














Proof. Follows from Theorem[I-2} 
Proposition 2.9. Let (R,+, .) be a finite or infinite classical commutative ring. Then: 
(i) There are 1023 types of NeutroCommutativeRings. 


(ii) There are 58025 types of AntiCommutativeRings. 





Proof. Follows from Theorem[I-2} 











Remark 2.10. It is evident from Proposition [2-8]and Proposition [2.9]that there are many types of NeutroRings 
and NeutroCommutativeRings. The type of NeutroRings studied by Agboola in By are those for which NV R1— 
N fF10 are all true. 


Example 2.11. (i) Let NR = Zand let & be a binary operation of ordinary addition and for all x, y € NR, 
let © be a binary operation defined on NRas x © y = ,/xy. Then (NR, ®, ©) is a NeutroRing. 


(ii) Let NR = Q and let @ be a binary operation of ordinary addition and for all x,y € NR, let © bea 
binary operation defined on NRas «© y = a/y. Then (NR, 9, ©) is a NeutroRing. 


(iii) Let AR = N and let © and © be two binary operations of ordinary subtraction and ordinary multiplica- 
tion respectively defined on AR. Then (AR, 6, @) is an AntiRing. 


(iv) Let AR = N and let 6 and ® be two binary operations of ordinary addition and ordinary multiplication 
respectively defined on AR. Then (AR, ©, ®) is an AntiRing. 


Definition 2.12. Let (NR, +, .) be a NeutroRing. 


(i) N Ris called a finite NeutroRing of order n if the cardinality of N R is n that is o( NR) = n. Otherwise, 
N Ris called an infinite NeutroRing and we write o(.NV R) = oo. 


Gi) NR is called a NeutroRing with unity if there exists a multiplicative unit element uw € NR such that 
ux = cu = & forat least one z € R. 


(iii) If there exists a least positive integer n such that nx = e for at least one x € NR, then NR is called 
a NeutroRing of characteristic n. If no such n exists, then N R is called a NeutroRing of characteristic 
zero. 


(iv) Anelement x € NR is called an idempotent element if x? = x. 
(v) Anelement z € NR is called a nilpotent element if for the least positive integer n, we have x” = e. 


(vi) An element e 4 x € NRis called a zero divisor element if there exists an element e 4 y € NR such 
that ry = e or yx =e. 


(vii) An element z € NR is called a multiplicative inverse element if there exists at least one y € NR such 
that ry = yx = u where wu is the multiplicative unity element in N R. 
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Definition 2.13. Let (NR, +, .) be a NeutroCommutativeRing with unity. Then 
i) N Ris called a NeutroIntegralDomain if N F has no at least one zero divisor element. 
(ii) NR is called a NeutroField if NR has at least one multiplicative inverse element. 
Example 2.14. Let NR = Zs = {0,1, 2,3, 4} and let © and © be two binary operations defined on NR by 
eey=“et+y-1, rOy=ax4+ay V2z,yE NR. 
It is clear that (IVR, ®) is an abelian group. 
(1) NeutroAssociativity: Let x,y,z © NR. Then 











LO(yOz) = ex+ayt+ xvyz, 
(tOyOz = axt+aytaz+ xyz, 
T+rytrye = L+UY+UZ4+ yz 
=> @z = 0 
zx = 0or z=0. 


This shows that only the triplets (0, y, z), (x, y, 0), (0, y, 0) can verify associativity with 60% degree of 
associativity. 


(2) NeutroLeftDistributivity: Let x,y,z © NR. Then 








cO(y@z) = wt+ay+uz-—2, 
(crOy)@(x@Oz) = x+ayt+u+ez-1, 
eteytaez—-xX = £+2ay+u+az-1 
=> w= il 
x = 3. 


This shows that only the triplet (3, y, z) can verify left distributivity with 20% degree of left distributivity. 
(3) NeutroRightDistributivity: Let x,y,z <¢ NR. Then 











(y@zOnr = ytr—-l+yrt+2zr—-a, 
(yOu)O(zO2r) = ytytt2z+2xe-1, 
ytze-ltytt+2zxa-—-e@ = ytyt+2z4+z2r-1 
=> -2x = 0 
x = 0. 


This shows that only the triplet (0, y, z) can verify right distributivity with 20% degree of right distribu- 
tivity. 


(4) NeutroCommutativity: Let x,y © NR. Then 





LOY = £+24y, 
yOu = yr yg, 
E+rty = yrye 
> © = y 

Lr = Y. 


This shows that only the duplet (x, x) can verify commutativity with 20% degree of commutativity. 
We have just shown according to Definition 2.6]that (NR, &, ©) is a NeutroRing. 


Example 2.15. Let NR = {a,b,c, d} and let ”+” and ’’.” be binary operations defined on N R as shown in 
the Cayley tables below: 






































+/albjecl|d .|albjeld 
ajla|/b|cl|ld ala|b|c|d 
b|bjJcl|dla bla|lc] ble 
c|}c|d|a]b c|c|]d|cld 
d|djal/bjJe d|dia|djia 






























































It is clear that (NR, +) is an abelian group. From the tables we have: 
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(1) NeutroAssociativity: 


a(bc) = (ab)c=6), 
b(bb) = b but (bb)b=dFb. 


This shows NeutroAssociativity of +”. 


(2) NeutroLeftDistributivity: 


a(b+c) = ab+ac=d, 
bic +d) = c but be+bd=dFc. 





This shows NeutroLeftDistributivity of ”.”’ over +”. 


(3) NeutroRightDistributivity: 


(b+c)c = bet+cc=d, 
(b+c)ha = d but ba+ca=c#d. 





This shows NeutroRightDistributivity of.” over +”. 


(4) NeutroCommutativity: 


ac = ca=a 


be 


b 


b but ch=dZb. 


This shows NeutroCommutativity of ””.’”. 
We have just shown according to Definition 2.6]that (NR, +, .) is a NeutroRing. 


Example 2.16. From Example we note that e = a is the additive neutral element. We now have the 
following: 


(i) NRis a NeutroCommutativeRing with unity since aa = a,ac = ca = c, ad = da = d. 








(ii) {a, c} are idempotent elements. 
(iii) {d} is a nilpotent element. 

(iv) {b, d} are zero divisor elements. 

(v) {a, d} are invertible elements. 

(vi) N Fis not a NeutroIntegralDomain. 
(vil) N Ris a NeutroField. 


(viii) N Ris a NeutroCommutativeRing of characteristic 2. 






































Example 2.17. Let U = {e, a,b,c, d, f} be a universe of discourse and let NR = {e, a,b,c}. Suppose that « 
and o are two binary operations defined on NR as shown in the Cayley tables below: 

o}e a b Cc * |e |a|ob Cc 

e|e a b c e|e|b|c|}|aorbore 

a|a/J bore c b ala|cle d 

b|b Cc core | a bl bjlela c 

cle b a ca clc|la}|b e€ 






























































It is clear that (NR, 0) is a NeutroGroup. Now consider the following: 
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(i) NeutroAssociativity of «: a*(b*b) = (axb)*b = c, bx(axb) = b but (bka)*b = c 4 b, ax(bxc) =d 
(outer-defined), (a * b) * c = e * c = indeterminate. 


(ii) NeutroLeftDistributivity of « over o: e * (eo e) = 
(a*xb)o(axe) =a#e,ax (boc) =e but (ax b)o(a 


(ex e)o (exe) = e, ax (boe) = e but 
+c) =e0d =?. 


(iii) NeutroRightDistributivity of « over o: (eo e) xe) = (exe)o (exe) =e, (boc) *a =c but 
(bx a)o(cxa)=a¥c, (eoce)*c=exe =? and (exc)o (exc) =?. 





(iv) NeutroCummutativity of *: exe =cxc=e,b*c=cbutc*b=b¥#c, exc = indeterminate but 
cxe=C. 


Hence (VR, 0, «) is a NeutroRing. 


3 Finite and Infinite NeutroRings of Type-NR[8,9] 


In this section, we are going to study a type of NeutroRings (NR, 0, «) where R1, R2, R3, R4, R5, R6, R7, R10 
are totally true for all the elements of NR, and where R8 and R9 are either partially true or partially false for 
some elements of NR. This type of NeutroRings will be called NeutroRings of type-NR[8,9]. 


Example 3.1. Let VR = Ze, = {0,1, 2,3, 4,5} and let o and * be two binary operations defined on N R by 
roy=auty, exy=aut+ytay Va,yEeNR 


where ’-+” is addition modulo 6. Then (N R, 0, «) isa finite NeutroRing of type-NR[8,9]. To see this, consider 
the Cayley tables below. 


















































of/O}/1)/2)3)]4)5 */O);1)2)/3)4)]5 
O;O}/1)2;3)4)5 0;O0)/1)/2/3)4)5 
1y)/1)2)3)4/5)]0 1)/1)/3/5)1)3)5 
2/2)/3/4/5)0)1 2/2)/5)/2/5)2)5 
3/3]}/4/5/0]1)2 3/3])/1)/5/3)1)5 
4}4]/5/0};1)]2)3 4}/4)3/2;1]0)5 
5/5}0)/1/2)3)]4 5}/5])/5/5/5)5)5 










































































It is clear from the tables that (IV R, 0) is an abelian group with e = 0 as the identity element, and that (NR, «) 
is acommutative semigroup. It remains to show that the two distributive axioms are NeutroAxioms. 


(i) NeutroLeftDistributivity of « over o: Let x,y,z © NR. Thenaz *(yoz) =a+y+z+ay+ xz and 
(ax y)o(a* z) = 2a+y+2+ay+4 x2. For left distributivity to hold, we must have 22 = x from 
which we obtain x = 0. Hence, only the triplets (0, y, z), (0, y, 0), (0, 0, z), (0, 0,0) can verify the left 
distributivity of « over o with 66.67% degree of distributivity. Hence, « is NeutroLeftDistributive over o 
in NR. 


(ii) NeutroRightDistributivity of * over o: It can similarly be shown that « is NeutroRightDistributive 
over o with 66.67% degree of distributivity. 


Hence, (NR, 0, *) is a finite NeutroRing of type-NR[8,9]. 
Example 3.2. Let NR = Z or Q or R or C and let 0 and « be two binary operations defined on N R by 
roy=at+y, exy=atytay Va,yEeNR 


where +” is the ordinary addition of integers or rationals or reals or complex numbers. It is clear that 
(NR, o) is an abelian group with e = 0 as the identity element, and that (VR, *) is a commutative semigroup. 
It remains to show that the two distributive axioms are NeutroAxioms. 


(i) NeutroLeftDistributivity of « over o: Let x,y,z © NR. Thenxz *(yoz) =a+y+z+ay+4+ x2 and 
(ax y)o(a* z) = 2a+y+2+ay+4 xz. For left distributivity to hold, we must have 22 = x from 
which we obtain x = 0. Hence, only the triplets (0, y, z), (0, y, 0), (0, 0, z), (0, 0,0) can verify the left 
distributivity of « over o. Hence, « is NeutroLeftDistributive over o in NR. 
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(ii) NeutroRightDistributivity of « over o: It can similarly be shown that that « is NeutroRightDistributive 
over ©. 


Hence, (NR, ©, *) is an infinite NeutroRing of type-NR[8,9]. 


Proposition 3.3. Let (NR;,0,*),7 = 1,2 be NeutroRings of type-NR[8,9]. In the Cartesian product NR, x 
N Ro of N Rj, let © and © be two binary operations defined V(w, x), (y, z) € NRi x N Rg as follows: 


(w,z) B(y,z) = (woy,xroz) 
(w,z)O(y,z) = (wxey,x*z). 


Then (NR, x NR2,®, ©) is a NeutroRing of type-NR[8,9]. 





Proof. Follows from Definition[2.2] 











Proposition 3.4. Let (NR,+, .) be a NeutroRing of type-NR[8,9] and let e be the identity element in N R with 
respect to" +". Then for some x,y,z € NR, we have: 


(i) z.e#e. 

(ii) x.(—y) A —(wy) # (-2) y. 
(iii) x.(y —z) Avy —-ax.z. 
(iv) (y—2).a # ye — 20. 


Proof. Since.” is NeutroDistributive over ”+”’, the required results follow. 


























Proposition 3.5. Let (NR, +, .) be a NeutroRing of type-NR[8,9]. Then for some w, x,y, z € NR, we have: 
(i) (w+2).(y+z) # (wy +w.z) + (wy +2.2). 
(ii) (w+2).(y— 2) # (wy + ry) — (w.z+2.2). 
(iii) (w — 2).(y — 2) # (wy + 2.2) —(w.z tay). 
(iv) (w+2).(w— 2) # (ww — 2.2) + (x.w — w.2). 











Proof. Since.” is NeutroDistributive over ”+”’, the required results follow. 





Proposition 3.6. Let (NR,+,.) be a NeutroRing of type-NR[8,9] and let m,n © N. Then Vx € NR, we 
have: 


(i) gl gh _— gtr, 


(en =a)" =a, 


Proof. Since "’.” is associative, the required results follow. 














Definition 3.7. Let (NR, 0, «) be a NeutroRing of type-NR[8,9] and let N.S be nonempty subset of N R. 
(i) NS is called a NeutroSubring of NR if (NS, 0, *) is also a NeutroRing of type-NR[8,9]. 


(ii) NS is called a QuasiNeutroSubring of NR if (NS, 0, *) is a NeutroRing of the type different from the 
type of the parent NeutroRing N R. 


The only trivial NeutroSubring of NRis NR. 
Proposition 3.8. There exist NeutroRings of type-NR[8,9] with only trivial NeutroSubrings. 


Proof. Consider the structure (NR, 0,*) such that NR = Ze and V z,y € NR, we have roy = «+ 
y+tl,e*«y = «+ y+ 3ey and consider the structure (NS,o,*) where NS = ZandV z,y € NS, 
coy=at+y-—T,xe*xy=x+y- 3xy. It can be shown that NR and NS are NeutroRings of type-NR[8,9] 
with only trivial NeutroSubrings. 
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Example 3.9. Let (NV R, 0, *) be the NeutroRing of Example[3.TJand let NS, = {0,3} and NS2 = {0, 2, 4} be 
two subsets of NR. It can easily be shown that (N'S1, 0, *) and (N So, 0, x) are NeutroRings of type-NR[8,9] 
and consequently they are NeutroSubrings of NR. It is observed that NS, M NS2 = {0} and NS; UNS, = 
{0, 2,3, 4} are not NeutroSubrings of NR. Also, NS x NS = {(0,0), (0, 2), (0, 4), (3, 0), (3, 3), (3, 4)} is 
a NeutroSubring of NR x NR. 


Example 3.10. Let (V.R,o,*) be the NeutroRing of Example B.2] and let NS, = 2Z, NSg = 3Z and 
NS3 = 4Z be three subsets of NR. It can easily be shown that N.S), NS and N'S3 are NeutroSubrings of 
NR. Generally for positive integers n > 2, it can be shown that N.S = nZ are NeutroSubrings of NR. It 
is observed that NS, 1 NSo = 6Z, NS, NS3 = 4Z, NSM NS3 = 12Z and NS; UNS3 = 2Z are 
NeutroSubrings of NR. However, N.S; U NS and N'S2 U N'S3 are not NeutroSubrings of NR. 


Proposition 3.11. Let (NR, 0, *) be a NeutroRing of type-NR[8,9] and let {NS;},7 = 1, 2 be NeutroSubrings 
of NR. Then 


(i) NS = NS, Nz is not necessarily a NeutroSubring of N R. 
(ii) NS = NS, x NS is a NeutroSubring of NR x NR. 
(iii) NS = NS U NS4 is not necessarily a NeutroSubring of N R. 


Definition 3.12. Let (NR, o,*) be a NeutroRing of type-NR[8,9]. A nonempty subset NJ of NR is called a 
Neutroldeal of N R if the following conditions hold: 


i) NJ is a NeutroSubring of NR. 
(i) « € NI andr € NR imply that at least one r * x oraz *r€ NI forallr € NR. 


Definition 3.13. Let (NR, o, x.) be a NeutroRing of type-NR[8,9]. A nonempty subset NI of N Ris called a 
QuasiNeutroldeal of N FR if the following conditions hold: 


(i) NJ is a QuasiNeutroSubring of NVR. 
i) « € NI andr € NR imply that at least one x * rorr* a € NI forallr € NR. 


Example 3.14. Let NI; = NS, = {0,3} and NIz = NS = {0,2,4} be NeutroSubrings of Example 
B39 Then for NI,, we have 0* 0 = 0,1*0 = 1,2*0 = 2,3*%0 = 3,4*0 = 4,5%*0 = 5 and 
0*38=3,1*3=1,2*3=5,3*3=3,4*38=1,5*3 =5. Accordingly, NJ, is a Neutroldeal. 

Also for NIg, we have 0 *0=0,1*0=1,2*0=2,3*0=3,4*0=4,5*0=5,0*2=2,1*2= 
5,2*2=2,3*2=5,4*2=2,5*2=5and0*4=4,1*4=3,2*4=2,38*4=1,4*4=0,5*4=5. 
Accordingly, N Iz is a Neutroldeal. 


Example 3.15. Let NI, = NS), = 2Z, NIg = NS q = 3Z and NI3 = NS3 = 4Z be NeutroSubrings of 
Example B.10| It can easily be shown that NJ,, NI2 and NJ3 are NeutroIdeals. Generally, NIJ = nZ are 
Neutroldeals for n > 2. 


Definition 3.16. Let (VR, o, «) be a NeutroRing of type-NR[8,9] and let NJ be a Neutroldeal of NR. The 
set NR/NT is defined by 


NR/NI={xoNI: xe NR}. 


For 20 NI,yo NI € NR/NI with z,y € NR, let @ and © be binary operations on NR/NTJ defined as 
follows: 


(ao NI) @ (yo NI) (roy)oNI, 
(toNI)O(yoNI) = (axy)oNI. 


If the triple (NV R/NT, &, ©) is a NeutroRing of type-NR[8,9], it will be called a NeutroQuotientRing. 
Example 3.17. Let NI, = {0,3} and NJz = {0, 2,4} be Neutroldeals of Example For NI, we have 


NR/NI, ={NL,1+Nh,2+Ny} 
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and the compositions of elements of N R/N I, according to Definition are given in the Cayley tables: 











































































































® NI, 14+ NI, )|24+Nh © NI, 14+NI,|)24+Nh 
Ni, Ni, 1+ NQ, | 2+Nh Ni, Ni; 14+ Ni, |2+Nh 
14+N,)/14+Ni,|24+Ni, NI, 14+N,/14+Ni, NI, 2+NIi 
2+NK | 2+Nh NI 1+Ni 2+N |} 24+Nh|)24+N )2+Ni 
It can easily be deduced from the Cayley tables that (NR/NI,,®, ©) is a NeutroRing of type-NR[8,9] with 


e = NJ, as the identity element. 
For NJ, we have 
NR/NIp ={NIn, 1+ NIn} 


and the compositions of elements of N R/N Iz according to Definition are given in the Cayley tables: 



































® Nig |1+NIb © NG hea 
Nip Ni, |1+NIb Nip Nig | 14.Niy 
1+N|1+NE| NE 1+N|1+Nh|1+NIp 















































It can easily be deduced from the Cayley tables that (NR/NIz,®, ©) is a NeutroRing of type-NR[8,9] with 
e = NI, as the identity element. 


Example 3.18. Let NI; = 2Z, NIz = 3Z and NI3 = 4Z be Neutroldeals of Example B-15] For NJ, we 
have 
NR/NI, ={Nh,1+Nh} 


and the compositions of elements of N R/N I, according to Definition are given in the Cayley tables: 





























® NI, 1+Nh o) NI, 14+ NI; 
NI Nii 1+Nh NI Nii 1+ NI; 
14+ NI, )/1+Nh Nii 14+ NG )14+NG)/1+Ni, 





















































It can easily be deduced from the Cayley tables that (NR/NI,,®, ©) is a NeutroRing of type-NR[8,9] with 
e = NI, as the identity element. 
For NI, we have 
NR/NIp ={NI,14+Nh,24+ Nh} 


and the compositions of elements of N R/N Iz according to Definition are given in the Cayley tables: 






















































































® Nig |1+NIn |2+NIo © NG. (1st Nb 2 NG 
Nip Nis | 14 Nie | DN Nip Nis |14-Nig | 22ND 
I+Nl|1+Nh|2+Nh| Ni CiNG (LNG | NG PEN. 
24 Nig |2Nb | Ni- | LENG 4 Nig | 2 Nis | DENG | 2NG 























It can easily be deduced from the Cayley tables that (NR/NI2,®, ©) is a NeutroRing of type-NR[8,9] with 
e = NI, as the identity element. 
For NI3, we have 
NR/NI3 = {NI3, 1+ NI3,2+ NI3,3 + NI3} 


and the compositions of elements of N R/NI3 according to Definition are given in the Cayley tables: 




































































® Nis ]|1+NI3|2+NI3|13+NI5 © Nig |1eNG | SENG SENG 
Nis Nig | L4-Nig | 2 Ns | ae Nis Ni (LENE | 2 Nie SENG 
T+ Nig | TN | 84+ NG ISN | FENG TN | ING (2 NG | BENG | NG 
D+ Nig |\DENig | LENG,| NG | SENG 2+NIz|2+NiI3/3+Ni3| Nis |1+NIs 
Niel Se Nis BONE Sr | Sen 3+NI313+Niz3| Nis |1+Niz3|2+NI3 





























It can easily be deduced from the Cayley tables that (NR/NIs3,®, ©) is a NeutroRing of type-NR[8,9] with 
e = NIz as the identity element. 
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Proposition 3.19. Let (NR, +, .) be a NeutroRing of type-NR[8,9] and let NI be a Neutroldeal of N R. For 
t+NI,y+NI€ NR/NI withz,y € NR, let ® and © be binary operations on N R/N1I defined as follows: 


(c+ NI)@(y+NI) = (x+y)4+NI, 
(c+NIVO(y+NI) = (ay) +N. 


Then the triple (NR/NI,®, ©) is a NeutroRing of type-NR[8,9] with e = NI as the identity element. 


Proof. Suppose that (NR, +, .) is a NeutroRing of type-NR[8,9] and suppose that NI is Neutroldeal of N R. 
That the binary operations 6 and © on NR/NI are well-defined are the same as for the classical rings. It is 
clear that (NR/NI,©®) is an abelian group with e = NJ as the identity element and that (NV R/NI,©) is a 
commutative semigroup. Since NR is of type-NR[8,9], it follows that there exists at least a triplet (x, y, z) € 
NR such that «(y + z) 4 ey + wz and (y+ z)a 4 yx + zx. Consequently, 








(c+NDO(yY+ND @O(z+ND)) = aly+z)+NI 
# (aytaz)+NI 
= [(«+NI)O(yt+ ND] O [(c+NI)©(z+NI)| and 
(y+ND@(z+ND)O(@+NI) = (yt+z)r+ NI 
A (yx+z2x)+ NI 
[ 


(yt NI) O(a+NI)] @[(2+NI)O(a#4+ NI). 














Hence, (NR/NI, ®, ©) is a NeutroRing of type-NR[8,9] with e = NJ as the identity element. 


Definition 3.20. Let (NR,+,.) and (NS,-+’,.’) be any two NeutroRings of type-NR[8,9]. The mapping 
o¢: NR —- NS is called a NeutroRingHomomorphism if ¢ preserves the binary operations of NR and NS 
that is if for at least a duplet (x, y) € NR, we have: 


do(a+y) = (a) +’ oy), 
o(x-y) 


The kernel of ¢ denoted by Ker¢ is defined as 
Kerd = {x : (x) = enn}. 


The image of @ denoted by Im¢ is defined as 


| 
= 

8 
= 
= 
< 
~~ 


Im¢é = {y € NS: y = G(x) for at least one y € NS}. 


If in addition ¢ is a NeutroBijection, then ¢ is called a NeutroRingIsomorphism and we write NR = NS. 
NeutroRingEpimorphism, NeutroRingMonomorphism, NeutroRingEndomorphism and NeutroRingAutomor- 
phism are defined similarly. 


Example 3.21. Let (VR, +, *) be the NeutroRing of ExampleB.1] 
(i) Let ¢: NR — NR bea mapping defined by 


d(x) =2*xa Vae NR. 


Then, ¢ is not a NeutroRingHomomorphism. Since * is NeutroDistributive over ’+’’, we have for 
z,ye NR, 
o@t+y) = 2*(@+y) 
2*u+2*y 
o(x) + O(y)- 


This shows that ¢@ does not preserve +’. However since * is associative and 2 * 2 = 2, we have 
Ve,yE NR 


YK 


I 


pay) = 2*(x*y) 
(2*« x) *(2*y) 


= (x) * o(y). 


This shows that ¢ preserves *. Accordingly, ¢ is not a NeutroRingHomomorphism. 


I 
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Gi) Leto: NR x NR —- NR be a projection defined by 
o(a,y)=a Va,ye NR. 
It can easily be shown that ¢ is a NeutroRingHomomorphism with 
Ker@ = {(0,0), (0,1), (0,2), (0,3), (0,4), (0,5)} and 
Imd = {0,1,2,3,4,5} = NR. 
It can be shown that Ker@ is a NeutrolIdeal of NR x NR. 


Example 3.22. Let NR/NI, = {N,1+ Nh,2+ N1I;} be the NeutroQuotientRing of Example and 
let 6: NR — NR/NIJ, be a mapping defined by d(x) = « + NI, Vx € NR. Then 

600) = 63)=Nh, 

o71) = (4) =14+Nh, 

o(2) = 4(5)=2+Nh. 


It can easily be shown that ¢ is a NeutroRingHomomorphism with Kerd = {0,3} = Nh. 





Example 3.23. Let NR/NI3 = {NI3,1+ NIs,2+NI3,3+ N1J3} be the NeutroQuotientRing of Example 
and let 6: NR + NR/N1Is be a mapping defined by ¢(x) = « + NI3 Vx € NR. Then 


o(0) = Nis, 

o(1) = 14+NIs, 
o(2) = 24+NIs, 
0(3) = 34+NIs. 


It can easily be shown that ¢ is a NeutroRingHomomorphism with Kergd = 4Z = NI. 


Proposition 3.24. Let NR and NS be two NeutroRings of type-NR[8,9] and suppose that ¢: NR > NS is 
a NeutroRingHomomorphism. Then: 


(i) d(ewr) = ens. 
(ii) Kerd is a Neutroldeal of NR. 
(iii) Im@ is a NeutroSubring of NS. 


(iv) o is NeutroInjective if and only if Kerdé = {en pr}-. 














Proof. The proof is the same as for the classical rings and so omitted. 


Proposition 3.25. Let NI be a Neutroldeal of the NeutroRing N R of type-NR[8,9]. The mapping y) : NR > 
NR/NI defined by 
w(a)=a2+NI Vane NR 


is a NeutroRingEpimomorphism and the Kery = NI. 











Proof. The proof is the same as for the classical rings and so omitted. 





Proposition 3.26. [Fundamental Theorem of NeutroRingHomomorphisms]. Let NR and NS be Neu- 
troRings of type-NR[8,9] and let 6: NR — NS be a NeutroRingHomomorpism with K = Ker@. Then the 
mapping wb: NR/K —> Imé defined by 


W(at+K)=¢(2) Vae NR 


is a NeutroRingIsomorphism. 











Proof. The proof is the same as for the classical rings and so omitted. 
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4 Conclusion 


We have in this paper revisited the concept of NeutroRings introduced by Agboola in (Sy. It was shown that 
there are 511 types of NeutroRings and 19171 types of AntiRings. In particular, we have studied finite and in- 
finite NeutroRings of type-NR[8,9]. In the class of NeutroRings of type-NR[8,9], the left and right distributive 
axioms were taking to be either partially true or partially false for some elements; while all other classical laws 
and axioms were taking to be totally true for all the elements. Several examples and properties of NeutroRings 
of type-NR[8,9] were presented. NeutroSubrings, NeutroIdeals, NeutroQuotientRings and NeutroRingHomo- 
morphisms of the NeutroRings of type-NR[8,9] were studied with several interesting examples and their basic 
properties were presented. It was shown that in the class of NeutroRings of type-NR[8,9], the fundamental 
theorem of homomorphisms of the classical rings holds. 
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Abstract 


In this paper, the general exponential form of a neutrosophic complex number is defined by virtue of the formula for 
indeterminacy in the angle (6 + JI), where (6 + JJ) is the indeterminate angle between two indeterminate parts of 
the coordinate axes (x — axis and y — axis), and the general trigonometric form of a neutrosophic complex number 
is defined. In addition, we also provide theorems with proofs for how to find the conjugate of neutrosophic complex 
numbers by using the general exponential form, division of neutrosophic complex numbers by the general exponential 
form, multiplying two neutrosophic complex numbers by the general exponential form, and the inverted neutrosophic 
complex number by the general exponential form. 


Keywords: classical neutrosophic numbers, neutrosophic complex numbers, indeterminacy, conjugate, the general 
exponential form 


1. Introduction 


As an alternative to the existing logic, Smarandache proposed the neutrosophic logic for representing a 
mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown, incompleteness, 
inconsistency, redundancy and contradiction, where the concept of neutrosophy is a new branch of philosophy 
introduced by Smarandache [4][8]. Moreover, he presented the definition of the standard form of neutrosophic real 
numbers and conditions for the division of two neutrosophic real numbers, and he further defined the standard form 
of neutrosophic complex numbers, and found root index n = 2 of a neutrosophic real and complex number [3][5], 
studied the concept of the neutrosophic probability [4][6] and the neutrosophic statistics [5][7]. Then, Smarandache 
initiated the concept of preliminary calculus of the differential and integral calculus, where he first introduced the 
notion of neutrosophic mereo-limit, mereo-continuity, mereoderivative and mereo-integral [1][8]. Y. Alhasan 
presented the concept of neutrosophic complex numbers and its properties that include the conjugate of neutrosophic 
complex numbers, division of neutrosophic complex numbers, the inverted neutrosophic complex numbers and the 
absolute value of a neutrosophic complex numbers along with theories related to the conjugate of neutrosophic 
complex numbers, the product of a neutrosophic complex number by its conjugate equals the absolute value of 
numbers [2]. Madeleine Al-Taha presented some results on single valued neutrosophic (weak) polygroups [10]. 
Edalatpanah proposed a new direct algorithm to solve the neutrosophic linear programming where the variables and 
the right-hand side represented triangular neutrosophic numbers [11]. Chakraborty used pentagonal neutrosophic 
number in networking problems and shortest path problems [12][13]. Neutrophology logic provided brilliant 
mathematical theories as a generalization of fuzzy and crisp logic, such as the neutrosophic set theory, it followed the 
introduction of the neutrosophic concepts in Literature [14] and Literature [15]. Wadei Al-Omeri introduced the 
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concept of neutrosophic crisp sets, investigated the properties of continuous, open and closed maps in neutrosophic 
crisp topological spaces [16]. 


Complex numbers are of great importance in our daily life, as they greatly help us in making mathematical 
operations, and they also provide a system for finding solutions to mathematical equations that have no solutions in 
the real number group, and one of the most prominent tools in the field of electrical engineering, calculating electric 
voltage and measuring electric current. 


This paper aims to study the neutrosophic logic in the complex numbers by defining the generalized exponential 
form of a neutrosophic complex number. We find the conjugate, inverted of neutrosophic complex number by the 
general exponential form, division, and multiplying of neutrosophic complex numbers by the general exponential 
form. Moreover, we also provide some examples that reinforce a easy understanding of the current paper. 


2. Preliminaries 


2.1 Neutrosophic Real Numbers [5] 


Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bI, where a,b are real 
coefficients, and I represents the indeterminacy, such that 0.1 = 0 and I” = I for all positive integers n. 


2.2 Neutrosophic Complex Numbers [5] 


Suppose that z is a neutrosophic complex number, then it takes the following standard form: z=a+cl + bi+dil, 
where a,b,c, d are real coefficients, and I represents the indeterminacy, such that i? = -1 > i= V-1. 


Note: we can say that any real number can be considered as a neutrosophic number. 


For example: 2=2+0.7, or:2=2+0.1+0.i+0.i./ 


2.3 Multiplying two neutrosophic complex numbers [3] 


Let 2, ,Z2 be two neutrosophic complex numbers, where 
Z=a,tqlt+bitdil , 2 =ag+c2]l+b,it+ dil 
Then: 
21-22 = (Q, +1 + di + dyUl )(ay + Col + bgi + dail) 
= (aa, — bbz) + (aycg + anc, + CC, — bid, — dbz — d, dz)! 

+(a,bz + azb,)i + (a, dz +c, bz + cy dz + bycz + apd, + d,cz)i.1 
2.4 Division of neutrosophic real numbers [5] 
Suppose that w,,w, are two neutrosophic numbers, where 

W,=a,+b 1, Wz =a, + byl 

To find (a, + b,I) + (az + b2I), we can write: 


a, + byl _ ae 
a4b1- y 
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where x and y are real unknowns. 
a, + byl = (an + bzI)(x + yl) 
a, + byl = agx + (box + agy + boy)I 
by identifying the coefficients, we get 
A, = a,x 
by = bax + (az + bayy 
We only obtain unique one solution, which is shown as follows: 


az 0 


bp > + by #0 > an(a, +b) #0 








Hence: az #0 and a, # —by are the conditions for the division of two neutrosophic real numbers to exist. 
Then we have 


ay + b,I = ay azb, = a,b, 
a,+b,I a, az(a, +b) 





2.5 The absolute value of a neutrosophic complex number[2] 


Suppose that z = a+ cl + bi + d.il is aneutrosophic complex number, the absolute value of a neutrosophic complex 
number defined by the following form: 


Z| = (a+ cl)? + (b+dl)? 


2.6 Conjugate of a neutrosophic complex number[2] 


Suppose that z is a neutrosophic complex number, where z= a+clI+ bi+d.il. We denote the conjugate of a 
neutrosophic complex number by Z and define it by the following form: 


Z=atcl—bi-d.il 
3. The general exponential form of a neutrosophic complex number 
Theorem 3.1 
The general exponential form of the neutrosophic complex number is given by the formula: 
z = |zjei@+9) = peiG+9D 
where r = |z| is the absolute value of a neutrosophic complex number. 
Proof: 


We know that: 


z=at+cl+bi+dil 
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a+cl b+dl . 
z=r( + i) 


r r 


z =r (cos(0 + J/) + sin (86 + JI) i) 


x 
cost Ul) == ; sin(@+ JI) = 








a+ bl y_ctdl 
r r 


Where (6 + 0/) is the indeterminate angle between two indeterminate parts of the coordinate axes (x — 
axis and y — axis). 


Hece we get: 


z= reiloten 


3.1 The general Trigonometric form of a neutrosophic complex number 


Definition 3.1: 
The following formula: 
z=r(cos(@+ JJ) + sin (0+ YI) i) 


is called the general Trigonometric form of a neutrosophic complex number. 


3.2 Multiplying two neutrosophic complex numbers by the general exponential form 


Theorem 3.2 
Let. GHSner in’ and 2 reer) 
Then: 
ZZ = MyPy el (Ort 824(81+82)1) 
Proof: 
24d = Melt) _ p, ei(2+921) 
2422 = Ty72((cos(O, + 911) + isin(O; + 941))(cos(O, + 921) + isin(O, +921))) 
ZZ = 1%12([cos(@, + 9,1) cos(6z + 921) — sin(@, + 9,/) sin(62 + 921)] 
+ i[sin(@, + 9,1)cos(O, + 321) + cos(@, + 3,1) sin(@, + 921)]) 
Z1Z2 = 112( cos(O, +6, + (9, + 92)I) + isin(6,+6, + (9, + 92)I)) 
Hence: 
ZyZy = Myr et CO1#924(81482)D 
Example 3.1 
Let z, = 20'S) and 2 sel Gt 
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Then: 


. oT 5 
ZyZo = gelGzt eo 
3.3 Conjugate of a neutrosophic complex number by the general exponential form 


Theorem 3.3 


Let z = re!(@+8) 


the formula: 


, then the conjugate of a neutrosophic complex number by the general exponential form is given by 


Pe pp 
Proof: 


We know that: 


Z=a+cl—bi-dil 








_ ( b+dl /) 
Z=r i 


r r 
Z =r (cos(6 + 91) — sin (6 + 91) i) 
Z =r (cos(—(6 + 91)) + sin (-(6 + 91) i) 
Hence we get: 


Z= re-i(e+D 


3.4 Inverted Neutrosophic complex number by the general exponential form 
Let z = re'@+®). then 


1 


= 1 1 -io+0n 
r 


Proof: 


1 1 
zor (cos(O + 9!) + sin (8 + JI) i) 


multiply the numerator and denominator by conjugate (cos(@ + JJ) — sin (6 + JI) i) 
then: 


1 


Z 


1 (cos(6 + JI) — sin (6 + DI) i) 
(cos(6 + 31) + sin (8 + 91) i) (cos(@ + YI) — sin (6 + YI) i) 


TLR 


1 1 cos(@+ VI) —sin(0@+0I)i 


zr (cos*(@ +01) +sin? (+01) C) 
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But: 
cos(@ + 91) — sin (6 + 9I)i = e719) 
cos?(6 + 91) + sin? (80+ 091) =1 
By substitution in (*), we get: 


1 2 1 0 -io+01) 


Zz Y 
Special case: 


When r = 1, then: 


Ni 
Il 
NI PR 


Example 3.2 
Let z= 2eiGt3)) 
Then: 


1 1 -iG +) 


N | 


Example 3.3 
iG+5D 


Let z=e 


Then: 
1 in 
Z 


3.5 Division two neutrosophic complex numbers by the general exponential form 


Theorem 3.4 
Let z, = 17,e'1t91) and z= r,e'(92t2") 
Then: 
41 _ 11 ,i(0,-0)+(81-8)1) 
Zz 1 
Proof: 
Z4 1 
eS By pmmee 
ZZ 
Ad i(0,+0,1 + ,-i(6,+8,1) 
— re al 1 .—e 2 2 
22 ’2 
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71 _ 11 4i(0, +811) p-i(@:+921) 
22. 12 


Hence we get: 


41 _ 11 4 i(6,-6,+(81-82)1) 


Zz «1% 
Example 3.4 
Let 2, = 2eiGts) and z,= 4elGtg 
Then: 
ZyZy = se tarts 


5. Conclusions 


In this paper, we define the general exponential form of a neutrosophic complex number, and arithmetic perations 
on it, multiplication, division, conjugate and of a neutrosophic complex number by the general exponential 
form, and find inverted neutrosophic complex numbers by the general exponential form. This research is 
considered as one of the important researches in neutrosophic complex numbers. 
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Abstract 


In this paper, we present the new idea of pythagorean neutrosophic fuzzy graphs (PNFG). Pythagorean neutrosophic 
set [PNS] is a generalization of neutrosophic set with dependent neutrosophic components and Pythagorean fuzzy 
set with condition 0 < u,(x)? + B,(x)? + o4(x)? < 2. The main aim of this article is to apply pythagorean 
neutrosophic set to fuzzy graphs. Thus we extend some of the basic properties for this PNFG along with few 
examples. 


Keywords: Pythagorean neutrosophic set, Pythagorean neutrosophic graphs, Neutrosophic set. 


1.Introduction 


L.A. Zadeh originated the idea of fuzzy set theory in 1965 [1]. Atanassov [2] presented a new set 
intuitionistic set as an extension of fuzzy set which defines element with the membership and non-membership 
grade with restriction that totality of both must not exceed 1. The new perception of pythagorean fuzzy sets was 
published by Yager [3] in which the sets has constraint that their square sum is < 1. From the definition of 
pythagorean sets, pythagorean fuzzy graphs have been developed and is applied in many fields [12]. 


Neutrosophic set, a combination of fuzzy and intuitionistic sets was introduced by Smarandache [4] in 
1995. Many researchers have developed this results and applied in many relevant fields as decision making and so 
on [13-16]. A neutrosophic set has truth, falsity and indeterminacy membership for each element. In particular, the 
neutrosophic set has been applied to fuzzy graph theory and many new concepts of neutrosophic fuzzy graph has 
been developed [8-11, 17-18]. Smarandache introduced the degree of dependence among components of fuzzy set 
and in neutrosophic set. Then the researchers studied about neutrosophic and developed many new concepts in 
neutrosophic sets and in neutrosophic graphs magic labellling was applied [6-7]. In neutrosophic set, out of three 
dependency cases we choose one special case in which indeterminacy is independent, truth and falsity are 
completely dependent with 0 < u,(x)? + B,(x)? + o,(x)? < 2 is termed as pythagorean neutrosophic set. In this 
research, we put on the pythagorean neutrosophic sets to fuzzy graphs and also we study some types of different 
notions of pythagorean neutrosophic graph. 
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2. Preliminaries 


An intuitionistic fuzzy set I on universe Y is given by Il={<-s, u,(s), o(s) >:s €Y} where 
Ly, 0; from Y to [0,1] such that 0 < w,;(s) + o;(s) <1 for any s € Y. u,(s) and o;(s) are the membership and non- 
membership grade of s correspondingly. 


A neutrosophic set N in Y is given by N = {(, uy@), nv(D, yw) | £ © Y)}, where uy), nv@, yw@ € [0,1] 
denote truth, indeterminacy and false membership of f of N and py(£), nw (BH), Yy@) follow the condition that 0 < 


Uy@) + nv + yw S 3. 


A neutrosophic fuzzy graph is G = (V, E) where V = {1, v2, ...v,} such that 44, B,and 0, from V to [0,1] represent 
degree of truth-membership, indeterminacy-membership and falsity-membership of c; in V correspondingly, and 
0<suj(c) + B6i(co) +o,(¢) <3 Vo, €VG=1,...n), ESV XV with pw, B and o, fromV x V to [0,1] such 
that 


uo(cicy) S$ Wi (c) A ta (Gj) 
Bo(cic)) < Bile) A BiG) 
ar(cic;) < a1(ci) V 0,(c) 
0 < pa (ci) + Bo(cic)) + o2(cic)) < 3 for every (cig) € E (i,j = 1,2, 7). 


Pythagorean fuzzy set (PFS) set P of Yis P={<v, up(2), op(r) >:r € Y} where pp(z) and op(z) from ¥ to [0,1] 
represents degree of membership and non-membership of r in P correspondingly. Vr € Y, the following condition 
should be satisfied 0 < u2(t) + of (2) < 1. 


A Pythagorean fuzzy graph (PFG) is a duo G = (V,£) with p, and o, from V to [0,1] signifying membership, non- 
membership functions of V and 0 < p7(v) + o7(v) <1 for v € V such that 


H2(uv) S$ uw, (u) AM, (v), 
o,(uv) < o,(u) Vo,(v). 


where [12, 02 from V xV to [0,1] represent the membership, non-membership functions of E, with 0 < u3 (uv) + 
of (uv) <1 foralluv EE. 


A Pythagorean Neutrosophic set with truth, falsity as dependent neutrosophic components [PNS] on non-empty 
universe Y is D = {(d, Up (d), Bp (A), op (d)): dé y}, where Up(d), Bp(d), op(d) € [0,1], O< (up(d)) + 


(Bp (d))” + (op (d))” <2, VdEY. up(da), Bp(d), op(d) are the degrees of membership, indeterminacy and 
non-membership respectively. Here Up (d) and op (d) are dependent and Bp(d) is independent [5]. 


3. Pythagorean Neutrosophic Fuzzy Graphs 


Definition 3.1: Pythagorean Neutrosophic Fuzzy Graph (PNFG) is G=(V,E), where 
V = {v,,V2,...V,} such that w,, 6, and o,fromV to [0,1] with 0 < u,(y,)? + Bi (vy)? +a,(y,)* < 2Vv,inV 
signifies membership, indeterminacy and non-membership functions correspondingly and E © V xV where pz, 2 
02 from V x V to [0,1] such that 


i) (v,v;) SM (Y)A by (vj) 
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Bo(viv;) < Biv) A Bi (yj) 
Or (viv;) <o,0)V% (v;) 
2 2 2 
WithO < ((u2(viv))) + (B2(v; %)) + (0, (v:v;)) <2 V(yjy;) EE. 
The example given in figure | is a PNFG 


V, (0.9, 0.8, 0.7) (0.7, 0.6, 0.5) V, (0.8, 0.7, 0.6) 






(0.3, 0.4, 0.5) 
(0.8, 0.5, 0.6) (0.5, 0.4, 0.5) 


Ve (0.7, 0.6, 0.8) (0.5, 0.5, 0.6) Vv, (0.6, 0.5, 0.4) (0.4, 0.4, 0.5) V3 (0.4, 0.5, 0.7) 
Figure 1. Pythagorean Neutrosophic Fuzzy Graph 

Definition 3.2: A  PNFG G=(V,E) is termed as complete PNFG (CPNFG) if 
Ly (v;v;) = 14,(0;) A Wy (v;), Bo (viv;) =BW)AB, (v;), Oz (viv;) =0,(V) VO, (v;) for every vj, 0; € V. 
Definition 3.3: A PNFG G = (V, E) is named as strong PNFG if 

Lo (viv;) = min (4,(%4), L(Y) 

Bo (viv;) = min (f, (yj), fi (v;)) 

o2(v;v;) = max (0,(1;),% (v;)) V (yv;) € E. 


Definition 3.4: Let G = (V,E) with u,B,o as the membership (MD), indeterminacy (ID) and non-membership 
(NMD) degree be a PNFG. Then a PNFG H = (V’,E’) with V’ CV and E’ CE, wp’, B’ and o’ as the MD, NMD, 
and ID is called Pythagorean Neutrosophic fuzzy subgraph (PNFSG) if u'(d) < wu), B'®) < BO), a’) = od) 
fordeV. 


Definition 3.5: Let G’ = (V',E’), G" = (V"",E"”) be PNFG with (w’, B’,0') and (u", B",0"’) as their MD, ID and 
NMD correspondingly. Then the intersection of G’ and G", G=(V,E) is a PNFG where V=V’(NV", 
E = E'() E” and the MD, ID and NMD of V and E of for all a,b, r € V such that 


u(r) if risinV' and notinV” 
Our = fu) if risin Vand not in V’ 
Mir Ani(r) if risinbothV' and V” 


Bi) if risinV' and not inV” 


Br) = 4 BO) if risinV"and not in V’ 
BABY) if risinbothV’ and V” 
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oi(r) if risinV’ and notinV” 
o,(r) = 4 97’ (r) if risin Vand notin V’ 
ai(r)Vo'(r) ifrisinbothV' and V” 


Hu (ab) if abisin E’ and notin E” 
(i) U2(ab) = § ws (ab) if abisin E"” and not in E' 
uj(ab) Aus (ab) if abisinboth E’ and E"” 


B3(ab) if ab isin E’ and notin E” 
B2(ab) = 4 Bs’ (ab) if ab isin E” and notin E’ 
Bi(ab) A B'(ab) if abisinboth E'and E” 


o3(ab) if ab isin E’ and not in E” 
02(ab) = § o3'(ab) if ab isin E” and not in E' 
o,(ab) Vo;'(ab) if abisinboth E’and E"” 


Definition 3.6: Let G’ = (V',E'), G’ =(V"",E") be PNFG with (w,6j,01), (uy, By',07') and (45, Bs, 03), 
(3, Bz’, 03) as the MD, ID and NMD of the vertices and edges correspondingly. Then the union of G’& G”, G = 


(V,E) is a PNFG where V = V' UV", E = E’ UE" and the MD, ID and NMD of vertices (V), edges (E) of G for 
all g,h € V such that 


H4(g) if gisinV’ and notinV” 
(i) 409) = 4 ug) if gisinV’and notin V' 
M(g)Ver(g) if gisin V'or V" 
1 (9) if gisinV’ andnotinV” 
Bi(g) = 4 Big) if gisinV"and notin V' 
1(Q) V Big) if gisin V' or Vv" 
oi (g) if gisinV’ and notinV” 
0,(g) =4o1'(g) if gisinV’and not in V' 
oi(g) Aoi'(g) if gisin V' or V” 
(gh) if ghisin E' and notin E” 
(ii) U2 (gh) = 4 wy (gh) if ghisin E" and notin E’ 
bo(gh) Vus(gh) if ghisinE’ or E" 
B3(gh) if ghisin E’ and notin E” 
Bo(gh) = 4 Ba (gh) if ghisin E" and not in E’ 
Bi(gh) V B'(gh) if ghisinE’orE” 
o3(gh) if ghis in E' and notin E” 
02(gh) = 4 03'(gh) if ghis in E" and not in E’ 


03(gh) Ao3'(gh) if ghisinE' or E" 


Note: The following notion is followed in this paper, If G = (V,E,p,y) where p = (4, 81,0,) and y = (tz, Bo, 02) 
represents the MD, ID and NMD of the vertices and edges of PNFG respectively. 


Definition 3.7: A Pythagorean Neutrosophic path P(PNP) in PNG G = (V,E,p,y) is a arrangement of different 
vertices V9, V1, ...Vy (leaving V9, v,) such that y(v;_1, ¥;) > 0, i = 1 to n (where n is the length of the PNP). 
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The consecutive pair of the PNP are called the edges. 


Definition 3.8: The diameter of a,b in V is the length of the longest PNP joining a and b and denoted as 
diam (a, b). 


The strength of PNP P is is represented by d(P) or S(P) and defined as 


n n n n 
\\ Y Vx-1 Ve) = (A H2 (v1), [\ Balves%e) \f 02 ox-1 0) where y%, EV (k = 1,2,...,n) 
k=1 k=1 k=1 k=1 


Definition 3.9: The pythagorean neutrosophic strength of connectedness of vertices a and b of PNFG is defined as 
the maximum of the strength of all PNP’s among a and b and represented by PNCONNg (x, y). 


PNCONN, (x,y) = max (S(P)) where P is ax — y PNP inG. 
Ifn = 3 and Vy = V, then PNP P is called a Pythagorean Neutrosophic Cycle (PNC). 


Example 3.10: Consider the following PNFG 


V, (0.6, 0.5, 0.7) (0.5, 0.5, 0.4) V, (0.7, 0.6, 0.5) 
(0.6, 0.4, 0.5) (0.6, 0.4, 0.2) 
Vv, (0.9, 0.7, 0.6) (0.7, 0.3, 0.4) V3 (0.8, 0.4, 0.3) 


Figure 2. Pythagorean Neutrosophic strength of connectedness of PNFG 


PNCONNG (vy, v2) = (max(0.5,0.6), max(0.5,0.3), min(0.4,0.5)) 
= (0.6, 0.5, 0.4) 

PNCONNG (vy, 3) = (max(0.5,0.6), max(0.4,0.3), min(0.4,0.5)) 
= (0.6, 0.4, 0.4) 

PNCONN, (04, V4) = (max(0.6,0.5), max (0.4,0.3), min(0.5,0.4)) 


= (0.6, 0.4, 0.4) 
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Definition 3.11: Let G = (V,E,p,y) be a PNFG and x, y be two different vertices, let G’ be a PNFSG of G attained 
by removing the edge xy. xy is a Pythagorean neutrosophic fuzzy bridge (PNFB) in G if PNCONN (a,b) < 
PNCONN, (a, b) for some a,b. The removal of the edge xy decreases the strength of connectedness among some duo 
of vertices in G. Thus, xy is a PNFB if and only if there exists vertices a, b such that xy is an edge of each strongest 
path from a to b. 


Theorem 3.12: Let G = (V, E,p,y) be a PNFG. Then the subsequent statements are equivalent. 


1. xyisaPNFB 
2. PNCONN g(x,y) < y(xy) 
3. xy is not the weakest edge of any Pythagorean neutrosophic cycle (PNC) 


Proof: 
2 >1 Ifxy is not a PNFB, then PCONN «'(x,y) = PCONN,(x,y) = y(xy). 


1 = 3 If xy is the weakest edge of a PNC, then any PNP P including the edge xy can be converted into a PNP P’ not 
involving xy but at least as strong as P, by using the rest of the PNC as a PNP from x to y. Thus, xy cannot be a 
PNEB. 


3 => 2 If PCONN «' (x,y) < y(xy), there is a PNP from x to y not including xy with strength > y(xy), and this 
PNP together with xy forms a PNC of G in which xy is a weakest edge. 


Definition 3.13: Let w be any vertex and let G’ = (V’,E',p',y')be a PNFSG of G =(V,E,p,y) attained by 
removing the vertex w. That is, G’ = (V',E’,p’,y') is the PNFSG of G such that p'(w) = 0,p’ = p for all other 
vertices, y'(wz) = 0 for all vertices z, and y' = y for all other edges. Thus we call w a Pythagorean neutrosphic 
fuzzy cutvertex inG if PNCONN ,:(u,v) < PNCONN (u,v) for some u, vin V such that u # w ¥ v. 


5. Conclusions 


Herein, we have defined a new concept pythagorean neutrosophic graphs by applying pythagorean 
neutrosophic set to fuzzy graph. Also have defined some of its basic definitions and properties of the pythagorean 
neutrosophic graphs. In future, we would extend this by introducing more definitions and apply labelling, coloring to 
PNFG. 
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